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A further purpose is to develop the power in a gearing
system at the point of greatest leverage.

Patented Sept. 29, 1959
1 2 |

A further purpose is ‘to. obtain a large angle of action

in gearing. . :
2.006.143 A further purpose is to -secure surface contact ~rath§r
T . than point contact or line contact, between teeth of c¢o-
STRAIN WAVE GEARING 5 Operating gears, and desirably also to maintain a relatively
, large surface of contact for a succession of tooth positions.
C Walton Musser, Levittown, Pa., assignor to United A further purpose is to bring gear teeth into mesh by

Shoe Machinery Corporation, Flemington, N.J., a cor- o e . ;

poration of New Jersey . sarfac_e sliding in one .dlrecnon only. ) o .

A further purpose is to operate gearing with sinusoidal
Application March 21, 1955, Serial No. 495,479 10 tooth motion.
. A further purpose is to secure a-wide variety of avail-
47 Claims, (Cl. 74—640) -able gear ‘reductions by variations in gearing of the same
design, and especially to obtain very large gear reductions.
‘ A further purpose is-to obtain gear ratios in the range

The present invention relates to ‘motion transmitting 15 between 10 to 1 and 1 million to 1 from a gearing system.
mechanism, and particularly to gearing in which relative A further purpose is to obtain a very wide and prefer-
motion occurs between an internal gear and a cooperating ably unlimited ratio selection.-
external gear. A further purpose-is to produce a gearing system with

The species of the present application relating to the large torque capabilities.
dual form and the electromagnetic strain inducer is em- 20 A further purpose is to ‘secure relatively low tooth
bodied in my copending application Serial No. 656,572, contact pressures,- and thereby minimize the tendency to
filed May 2, 1957, for Dual Strain Wave Gearing. excessive load concentrations on certain portions of the

Subject matter relating to spring preloading is con- teeth. .
tained in my continuation-in-part application Serial No. A-further purpose is to largely avoid varying loads by
779,456, filed December 10, 1958, for Strain Wave Gear- 25 virtue of force components produced from gear action.
ing—Spring Preloading. Subject matter relating to ad- A further purpose is to-operate the gearing with low
justment of the strain inducing element, certain features shear stresses throuighout.
of the bearing elements therein and of the three lobe form A further purpose is.to secure a high efficiency on hlgh
are embodied in my continuation-in-part application gear ratios. )

Serial No. 801,191, filed March 23, 1959, for Strain-Wave 30 A further purpose is to obtain torsional rigidity of
Gearing—Strain Inducer Species. The multiple tooth the output of a gear train or system.

difference is embodied in my divisional application Serial A further purpose is to secure a gearing system with
No. 801,192, filed March 23, 1959, for Strain-Wave Gear- a high-degree of adaptability, and very few parts.
ing—Multiple Tooth Difference. The species in which A further purpose is to obtain ease of lubrication in
cnly one gear is the input appears in my divisional appli- 35 gearing. )

cation Serial No. 801,193, filed March 23, 1959, for A Tfurther purpose is to manufacture gearing of very
Strain-Wave Gear-—Species in which only one of the gears -small size, and correspondingly light weight.

is input. The species in which the strain inducer is a A further purpose is to produce gearing by simple
bearing with elements cf variable size is contained in my manufacturing methods.

divisional application Serial No. 801,194, filed March 23, 46 A further purpose is to obtain. quiet operation .of
1959, for Strain-Wave Gearing—Bearing with Variable gearing.

Elements. The subject matter of the tubular shaft and A further purpose is to provide a coaxial relationship
the output at the same end as the input appears in my ‘between input and output in a gearing system.

divisional application Serial No. 801,195, filed March 23, A further purpose is to avoid difficulty from problems
1959, for Strain-Wave Gearing—Tubular Shaft. 45 relating to center distance.

A purpose of the invention is to secure relative motion _ A further purpose is to produce a gearing system which
between cooperating internal and external gears, by - is insensitive to misalignment between input and output.-
propagating a strain wave which advances-an area of con- A further purpose is to obtain differential motion which
tact or preferably a plurality of areas of contact between  is. insensitive to eccentricity and to tooth shape.
the respective gears. 50 A further purpose is to distribute the input stresses

A further purpose is to obtain freedom from backlash at a different location from the output stresses in a gearing
in ‘gearing and desirably also to make the extent of back- system.
lash adjustable. A further purpose is to construct a motion transmitting

A further purpose is to obtain extremely precise trans- device having a first ring, a second ring of different. di-
‘mission of motion by gearing or similar mechanisms. 55 ameter from the first, coaxial therewith and having a de-

A further purpose is to maintain a large percentage of flectable wall, and having a strain inducing element in
the teeth of two ccoperating gears in contact at any one engagement with the second ring and maintaining the
time, preferably more than 50% of each. second ring deflected into mating relation with the first

A further purpose is to secure low pitch line velocity in ring at a plurality of circumferentially spaced positions
gearing systems. ‘80 interspaced by a non-mating position, and having means

A further purpose is to avoid concentration of wear on for moving the strain mduf‘mg element relative to the pe-
individual teeth, and particularly to -distribute the wear rivhery of the second ring and thereby propagating a
uniformly over all the teeth in a gearing system. strain wave around the periphery of the second ring and

A furtber purpose is to operate gearing with very small causing relative rotation of the second ring with respect
tooth motion. g5 to the first ring.

A further purpose is to operate gearing with a very A further purpose is to propagate the strain wave me-
low tooth sliding veloc1ty chanically, electrically or by other sunitable means. i

A further purpose is to balance the forces in gearing, Further purposes appear in the specification and in
and thereby reduce or eliminate any lateral components the claims. .
external to the system. 50 In the drawings I have chosen to illustrate a few only

of the numerous embodiments in which my invention
may appear, selecting the forms shown from the stand-
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points of convenience in illustration, satisfactory oper-
ation, and clear demonstration of the principles involved.

Figure 1 is an exploded axial section of a device for
-transmitting motion according to the present invention,
in a simplified form.

Figure 2 is a right end elevation of the strain inducer
_shown in Figure 1. : :

Figure 3 is an axial section corresponding generally
to the exploded section of Figure 1, but showing the
-parts assembled in their normal operating relationship.

Figure 4 is a right end elevation of the assembly of
Figure 3.

Figures 5 to 8 inclusive are enlarged developed frag-
_mentary sections tramsverse to the axis showing the rela-
tive relations of. the teeth at various positions in Figure
4, as indicated by the corresponding section lines.
~ Figures 9 and 10 are enlarged developed fragmentary
elevations of the relative relationships of the ring gear
.and strain gear at different positions of the strain in-
ducer. These views likewise correspond with positions
of rack elements which may be employed according to
the invention.

Figure 11 is a diagrammatic end elevation showing
the mating position where the ring gear is driven and
the strain gear is stationary.

Figure 12 is a view corresponding to Figure 11, but
drawn for the condition in which the ring gear is sta-
tionary and the strain gear is driven.

Figure 13 is a diagram showing strain wave as ordi-
nate with respect to a developed deflection circle as the
abscissa. )

Figurés 14a and 14b are a diagram which illustrates
.the shape of the tooth for a linear relation between de-
flection and revolution. :

Figure 15 is a diagram plotting deflection against the
‘advancing revolution for 180°, using a two lobe strain
inducer. This illustrates particularly the linearity of
deflection plotted against revolutions.

Figure 16 is a simi'ar curve for a three lobe strain in-
ducer, plotting deflections against revolutions over 120°.
Again, the curve illustrates the linearity of the relation-
ship. ‘

Figure 17 is a tooth profile diagram in accordance
with the invention.

- Figure 18 is a similar diagram showing successive
tooth positions.

Figures 19 to 44 inclusive illustrate various aspects
of the mechanical strain inducer and its method of pro-
duction.

Figure 19 is an end elevation of a simplified form of
“mechanical strain inducer.

Figure 20 is an axial section of Figure 19.

Figures 21 to 24 inclusive illustrate a mechanism which
may be employed in producing a suitable strain inducer
contour. )

Figure 21 is an axial section showing the expansion
mechanism in position to expand a ring.

Figure 22 is a detail end elevation of the elliptical ex-
panding segments.

Figure 23 is a detail left end elevation of the washer
shown in Figure 21,

Figure 24 is an end elevation of the cam shaft of
Figure 21. :

Figures 25 and 26 show. a modification in the mechani-
cal strain inducer, Figure 25 being an end elevation
and Figure 26 an axial section.

Figures 27 and 28 illustrate a further variation in the
mechanical strain inducer, Figure 27 showing an end
elevation and Figure 28 showing an axial section.

Figures 29 and 30 il'ustrate a still further variant of
mechanical strain inducer, Figure 29 being an end ele-
vation and Figure 30 being a side elevation.

Figures 31 and 32 show a still further form of me-
chanical strain inducer, Figure 31 being an end eleya-
tion and Figure 32 a fragmentary side elevation,
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Figures 33 and 34 illustrate respectively in end ele-
vation and axial section a still further form of strain in-
ducer.

Figures 35 and 36 show respectively in end elevation
and axial section a two lobe compensated ball form of
strain inducer. ‘

Figures 37 and 38 show in end elevation and axial
section, respectively, ‘a two lobe ball bearing strain in-
ducer having an elliptical inner race.

Figures 39 to 44 inclusive respectively illustrate in
fragmentary axial section various contours of races and
balls or rollers, as the case may be, for antifriction bear-
ing e'ements to be used in strain inducers.

Figures 45 to 53 inclusive show in fragmentary axial
sections variants in the arrangements of the components
of the strain wave gearing of the invention, Figures 45
to 51 inclusive showing different forms of single gear-
ing, and Figufes 52 to 53 showing examples of dual
gearing, in accordance with the invention.

Figures 54 and 55 are electrical diagrams in axial sec-
tion of variations in electromagnetic strain inducers ac-
cording to the invention.

Figure 56 is a phase-diagram for the circuit of Figure
55.

Describing in illustration, but not in limitation and
referring to the drawings:

CONVENTIONAL GEARING

In conventional gearing, regardless of the overall shape
of the gear, and of the particular tooth form, it is gen-
eral to provide engagement between the respective gears
of a pair only along a particular area of contact or
group of adjoining teeth, the particular teeth in contact
changing as the gears relatively move, but always as-
suring contact only in one circumferential zone of the
gear. Various problems exist in such conventional gear-
ing which provide limitations upon the utility of such
gearing especially from the standpoint of precision ap-
plications, and also from the standpoint of very high
gear ratios. Certain of these difficulties in convention-
al gearing arise from the usual point or line contact be-
tween teeth, and from the widely variant rates of rela-
tive motion of teeth during engagement, as well as from
the fact that primary engagement is limited to a very
few teeth in even the best conventional installations.

There are several requirements in conventional gear-
ing which act as a limitation upon accuracy and precise
transmission of motion:

(1) The tooth form must be absolutely conjugate, and
if this were to be followed correctly, it would require
that the teeth have an exact match in size and number.

(2) The tooth spacing must be accurate.

(3) Angle of action must be large enough to insure
proper tooth contact. There is a particular difficulty here
in many types of gearing because there often are insuffi-
cient teeth to assure proper contact throughout the angle
of action.

(4) The pitch circle must be concentric with respect to
the bearing, and this is a very difficult condition to main-
tain.

(5) The center distance must be accurate to maintain
the pitch circles proper so that one pitch circle can roll
with respect to the other pitch circle, and this is very diffi-
cult to maintain especially where the housings are not
rigid or the loads are high.

There are a number of other features in which conven-
tional gearing cause difficulty, among which can be men-
tioned the following: .

(@) When tecth of conventional gearing first come in
contact, there is a high pitch line velocity, and also a high
sliding velocity. This greatly aggravates the lubrication
problem, tending to throw off lubricant from the tooth.

(b) Since the initial rate of sliding when the teeth first
come in contact is very high, impact effects are likely to

[ Y
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result, causing ‘brinelling, and causing heating of the line
contact, with cracking, galling and accelerated failure.

(¢) Individual teeth on a gear are frequently worn more
rapidly than other teeth, and in some cases are not of ex-
actly the same contour initialty. This is particularly true
in reversing gearing, but is also a factor in all gearing.
This feature is aggravated by the fact that where impact
loading is applied, an impact load may be encountered
at a time when particular teeth are in engagement and are
carrying the entire load.

GENERAL FEATURES OF INVENTION

The present invention is concerned with eliminating
difficulties encountered in conventional gearing, as will be
explained more in detail later. The present invention
deals particularly with gearing of a character in which
inner and outer concentric gears are brought info mating
relationship in a plurality of spaced areas, with inter-
spersed areas in which they are not in mating relation-
ship, and the areas of mating relationship are propagated
forward in a wave which for the purposes of the present
invention is described as a strain wave, since-it represents
a wave deflection in one of the gearing elements.

This strain wave is actually superimposed on the cir-
cumference of one or both of the gears, and travels with
respect to it at a rate which is determined by the rate of
application of load or rotary force to the mechanism.

1t should be appreciated that in the mechanism of the
present invention, unlike all ordinary gearing, two co-
operating gears move into and out of tooth engagement
by radial motion of the teeth of one gear with respect to
the other, without in the least necessitating any change in
the gear axis. It will be evident, therefore, that thls ac-
tion presupposes a motion of parts of one of the gears with
respect to other parts which can be accomplished in any
suitable manner, but preferably will be achieved by de-
flecting an elastic material, which may be for example an
elastomer such as rubber, synthetic rubber, nylon, or other
plastic, or a metal such as steel, bronze, or other gear
material, moving within the elastic limit, and thereby sub-
stantially free from plastic deformation.

It will, however, be understood that the principles of
the invention are applicable to any suitable mechanism
which applies the propagated wave inducing mating en-
-gagements according to the disclosure of the invention.

PRINCIPLES OF OPERATION

Strain wave gearing is a novel system for transmitting
motion and power, in which the gear tooth engagement is
induced at a plurality of points by the deflection of a thin
ring gear or the like. Thetooth engagement at a plurality
.of points around the circumference is propagated along
the periphery of the thin ring gear as the crest of the in-
duced deflection wave is made to move around this pe-
riphery. As the deflection moves around the gear, each
tooth moves radially in and out of engagement as it prog-
resses from one tooth to the next, tracing during this mo-
tion a curve which is generally of the character of a
sinusoidal wave, giving rise to the term “strain wave gear-
4ng.” Such a wave is illustrated in Figure 13. ’

In the simplest form as shown for example in Figures
1 to 10 inclusive, the motion transmitting device-consists
of a ring gear 70, a strain gear 71, and a strain inducer
72. ‘The ring gear has internal teeth 73 in-the illustration
shown, whlch are preferably of axially extending char-
acter. In this form the strain gear 71 has-external teeth
74 which also preferably extend axially and at the same
diametral pitch as the teeth on the ring gear but have a
slightly smaller pitch diameter. This difference in pltch
diameter is caused by the fact that the number of teeth in
this case on the strain gear is less than the number of teeth
on the ring gear. The difference in the number of teeth
between the two gears, or the tooth differential, should be
equal to or a multiple of the number of places at which
the strain gear is deflected to cause tooth engagement with
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the ring gear. This differential would desirably be twg,
using a strain inducer having an .¢lliptical contour with
two lobes 75, as shown in Figures 1 and 2. As. already
explained, the strain gear 71 Is made of a material which
is elastic under the conditions of operation, and in the
case of a steel strain gear, is made of relatively thin cross
section so that it can be deflected easily in a radial direc-
tion.

The form -of strain inducer for transmitting motion
as illustrated in Figures 1 to 10 is a very simple one
having two points of strain engagement of the strain
The strain inducer 72 has an elliptical contour,
as already explained, whose major axis A is larger than
the inside diameter of the strain gear 71 by an amount
approximately equal to the difference in pitch diameter
of the ring gear and the strain gear. The minor axis
B is smaller than the inside diameter of the strain .gear
by approximately the same amount. When the strain
inducer is inserted into a position inside the strain gear;
as shown in Figure 3, it causes the strain gear to be
distorted into elliptical form, with the distance from the
gear axis to the pitch line of the teeth at the major axis
equal to the pitch diameter of the ring gear as shown at 76
in Figures 4 and 8. At the position as shown in Figure.8
the pitch circles of the two gears are coincident. At
the minor axis the distance of the pitch line of the strain
gear teeth from the gear axis is less than the pitch
diameter of the ring gear, and if a full tooth height is
used, the teeth will just clear one another as shown at 77
in Figures 4 and 6. At intermediate points 78 and 80
as shown in Figures 4, 5 and 7, the teeth will have vary-
ing degrees of engagement. This condition prevails
where the tooth differential is equal to the number of
lobes on the strain inducer which in this case is two.

The relationship between the respective teeth can be
better: understood by studying the developed view of the
tooth engagement in Figures 9 and 10. In the developed
form, it would be necessary to have the teeth of the
strain gear slightly different in pitch from those of the
ring gear and in the example shown the teeth on the
strain gear are slightly larger. It will be understood,
however, that in the circular form the pitch of the teeth
of the strain gear and the ring .gear is identical, -and. a
similar relation is obtained in the developed view, since,
for circular motion, the motion is measured in degrees
or radians, and the internal strain gear has fewer teeth
per degree or per radian than the outer ring gear.

To further emphasize the illustrations in Figures 9
and 10, the strain inducer 72’ is shown as having line

.contact instead of contact along an.inclined plane or cam

surface. - In Figure 9 the distance between the -point
where the teeth of the ring gear and the strain gear are
fully meshed at the strain inducer and the point where
they are fully out of mesh has been designated as.S.
This-is one-half the :angular distance between the lobes
on the strain inducer, or, for a two lobe system, 90°, the
angular distance between the positions of Figures 8 and 6.

As the strain inducer 72’ is moved to the right in the
direction of the arrow in Figure 9 toward the position

shown in Figure 10, the teeth of the strain gear gradually

move into engagement ahead of the strain inducer -and
out of .engagement behind the strain inducer. At the
strain inducer they are always fully meshed. When the
strain inducer has moved to the position shown in Figure
10, a distance of one-half S or .45°, the strain -gear has
moved to the left in relation to the ring gear 'a distance
of one fourth tooth. For a full 360° motion or one
revolution, the strain gear witl move

360

X/; 2 teeth

One complete revolutxon of the strain wave around the
periphery of the strain gear will always produce a tooth
movement which is equal to the difference in the num-
ber of teeth between ring -gear and the strain gear. In
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this analysis it has beén assumed that wave shape is a
linéar function of revolution.

Figures 11 and 12 illustrate the relative motions with

respect to the elements shown. In each of these figures
it is assumed that the ring gear 70 has 200 teeth and the
strain gear 71 has 198 teeth. An elliptical strain inducer
72 having two lobes is used as a driver. In the form
of Figure 11, the ring gear 70 is the driven gear and the
'strain gear is stationary. From the motion shown in
Figure 10, it will be evident that the strain gear when
driven always moves in the opposite direction to the move-
ment of the strain inducer. Hence, with the strain gear
stationary, the ring gear will move in the same direction
as the strain inducer. Stated generally, the principle is
that the gear that has the largest number of teeth per
‘degree or per inch moves in the same direction as the
strain inducer where the strain inducer is the driving
element.
- Tt will be seen from an analysis of Figures 9 and 10
that the tooth movement is equal to the difference in the
number of teeth between the ring gear and the strain
gear, in this case two teeth per revolution of the strain
inducer. Since there are 200 teeth in the ring gear and
it only moves two teeth per revolution of the strain
inducer, it would require 100 revolutions of the strain
inducer to produce one revelution of the ring gear, there-
fore the gear ratio of input to output is 100 to 1.

If now we apply a similar analysis to Figure 12 it will
be evident that here the strain gear 71 moves two teeth
per revolution of the strain inducer 72. However, in
the case of Figure 12, there are two important differences,
first, the direction is opposite to the motion of the strain
inducer, and secondly, it moves the same distance, that
is, two teeth, but in a smaller total number of teeth, that
is, 198. Therefore, for Figure 12 the gear ratio is 198
to 2 or 99 to —1 (since it is in the opposite direction the
1 is negative). . .

In the analysis so far, it has been assumed that the
strain inducer is the driving element. Since, however,
strain wave gearing can be made to have a relatively high
mechanical efficiency, any of the three elements can be
utilized as the driving element with either of the remain-
ing elements as the driven element. For example, in
Figure 11 the strain gear may be stationary, with the ring
gear the driver, and the strain inducer driven.- When
used in this manner, the driven strain inducer makes 100
revolutions for every revolution of the driving ring gear.

While we have in this initial simplified analysis
assumed a condition in which the strain inducer is internal
and the strain gear is located outside the strain inducer
and inside the ring gear, it will be evident as later ex-
plained that these features can be reversed, for example
placing the strain inducer on the outside, and the strain
‘gear inside it, and the ring gear on the very inside.

The gear ratio is the function of the difference in the
diameter of the two gears and s entirely independent of
the tooth size since the number of teeth in each gear
is directly related to their pitch diameters. The teeth,
therefore, could be made of infinitesimal size, or in fact

there may be no teeth at all, with merely frictional |

contact engagement, and the gear ratio will not be affected
‘in the least by any such change in construction. The

number of complete strain wave revolutions around the

strain gear for one revolution of the output element is
equal to the difference in pitch diameter of the two
gears divided into the pitch diameter of the driven ele-
ment. For example, let us assume that the numbers as
indicated in Figure 11 const'tute one hundredths of an
inch instead of teeth. Then the ring gear would have a
circumference of 2.00 inches and the strain gear would
have a circumference of 1.98 inches. The number of
turns that the driver or strain inducer would turn to
produce one revolution of the ring gear would then be:

2.00 _ 2.00_100
2.00—1.9870.02 1
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ANALYSIS OF WAVE AND TOOTH FORM

 The tooth size, shape and tooth differential, greatly
influence the percentage of teeth which are in engage-
ment.. If the teeth on the ring gear are proportioned so
that their height is equal to the deflection and their in-
cluded angle is properly chosen, the sharp pointed tooth
on the strain gear would at all times be in contact
with the mating tooth on the ring gear. Under these
conditions, it would be possible to have 100 percent of
the teeth in contact at all times, all of the teeth in vary-
ing degrees of mesh. If the height of the teeth is de-
creased to less than the deflection or if the included
angle is changed, the percentage of teeth in contact is
decreased. It is therefore very easy to manufacture
a ‘tooth configuration which has a percentage of teeth
in contact in the range from 45 to 55 percent, and
strain wave gearing is therefore very unusual in having
in many cases more than 50 percent of the teeth in con-
tact at all times.

Preliminary to the development of the proportions
and included angle for the teeth, it is necessary to
determine the strain wave shape. Table 1 lists data
determined experimentally and used in plotting the strain
wave in Figures 13, 15, 17 and 18. The data in Table 1
‘were determined with extreme care. A hardened, tem-
pered, and ground steel ring consisting of a bearing steel
alloy, SAE 52100, having an inside diameter of 1.9685
inches concentric with an outside diameter of 2.3810
inches within measurable limits of plus and minus 0.0001
inch was deflected over two bars each having a radius
of 0.4375 inch. The two bars were located at di-
ametrally opposite points on paralle]l centers inside the
ring. The ring was centered on a dividing head with
a 35 power microscope determining the actual rotative
position of the table itself which was graudated in 0.150
degrees. Radial measurements or measurements of the
height of the wave were read at 6 power magnification
on a dial indicator having graduations of 0.0005 inch
to the closest 0.00012 inch. Each wave was measured
on both sides of the wave crest. The readings from the
two sides of the same wave were averaged to correct
for the slight lack of phase relationship with the rotary
readings. These data are tabulated in Table 1. Data
obtained from other rings of entirely different proportions
and under different deflection loads indicate that this
curve, at least for the degree of strain which is im-
portant in strain wave gearing, is the same regardless
of proportions or deflections. This agrees with strain
data obtained from the literature on proof rings.

_ Table 1
[360° measurement of 2.3810" ring strained elliptic to 2.4145” max, and

2.3502"" min. Readings on opposite sides of each crest have been
averaged. Accuracy of readings -.00012""<4.03°]

Wave No. 2| Average | Deflection/| Difference
‘Wave No. 1 deflec- | deflection | deflectipn | 6° for 28.6 | X sin 28.6°
tion per 6° (.001"") er 6° per 6° =3.0846 (.001")
8001”) 001" (.001"")

X . 6.99% |8 017
9,68 9.62 10.08L 1|2 0.22
12,87 12.87 13.165 || Ba 0.14
16.25 16.25 16.250 | [© 2 0.00
19.68 19.65 19.335 || g= 0.15
22. 87 22.81 22,419 |  0.19
25.87 25.81 25504 [ | S 015
28,37 28,31 28. 588 0.13
30.25 30.28 0.
31.68 3168 i
32.12 32,12

. Figure 13 plots a curve for a strain gear having a two
lobe strain inducer. There are therefore two complete
waves in 360° or one complete revolution. The ordinate




2,006,143

9
-4s “tooth ‘engagement in 0.001 inch and the abscissa is
‘degrees in the revolution. The height of the wave is
‘equal to the total deflection. This is referred to as tooth
-engagement because it is this up and down or actually
radial in and out motion that produces tooth engagement
and disengagement in circular strain wave gearing.
Straight lines are superimposed on the two sides of the

wave to obtain the closest possible match over as great.

a percentage of the distance as possible. When the height
of the triangle formed in this manner is 1.44 times greater
than the deflection, the match over more than 50% of
.the curve is within =0.00025 inch. This is explained
in detail in reference to Figure 15 and Table 1.

The dots shown in Figure 13 on the strain wave are
‘plotted from actual data measured from a strained ring.
These dots also show the progressive movement of the
teeth on a strain gear with movement of the strain in-
ducer. This wave of course is purposely exaggerated in
-height to properly illustrate the wave shape and facilitate
accurate plotting. If the degrees (revolution) were
shown to the same scale as the deflection, the wave would
be approximately 125 times as long as illustrated. This
wave at any instant is superimposed on the circumference
of a circle, and height of the total wave or the deflection
is approximately twice the radial displacement of the
peaks of the wave from this circle. If it were plotted in
this- manner, the deflection for that portion of the wave
having a greater radial distance from the center than
the circumference would be given as “plus” strain. The
other portion of the wave having a lesser radial distance
would be given as “minus” strain. The position before
strain (or the circumference of the relaxed ring) is in-
dicated in Figure 15 as the “undeflected position.” How-
ever, it will be evident that measurement of the wave
and all of the calculations are simplified by considering
the total deflection as being measured from a base line
coincident with that portion of the wave which has the
least radial distance from the center.

It will be evident upon analysis that the shape of the
wave drawn to a base line equal in length to the circular
pitch, that is, the distance from one tooth to the next, will
accurately outline the tooth form. When drawn to these
proportions the wave looks essentially as shown in Fig-
ure 13, with the abscissa equal to the circular pitch for
two teeth.
-deflection wave shown in Figure 14a is represented as a
linear function of revolution. The deflection is made ex-
actly equal to the tooth height as shown in Figure 14b.
Thus it will be seen that a 90° revolution of a two lobe
strain inducer in strain wave gearing produced accord-
ing to these proportions will cause a change in radial de-
flection equal to the tooth height for the teeth that were
either fully engaged or fully disengaged.

For properly shaped teeth, 100% of the teeth under
this condition would be in contact, but in various degrees
of engagement. Proceeding from the base line in Figures
14q and 14b, or from the disengaged position, one side
of the teeth on the strain gear will become progressively
more engaged with one side of the teeth on the ring gear
as the apex of the curve is approached. At the point
of 45° revolution, the teeth will be engaged 50% or
deflection/2. At 90° revolution they will be fully en-
gaged. Proceeding beyond 90°, the teeth will become
progressively less engaged on the next 90° -revolution.

. Here, however, the opposite side of the tooth is in con-
tact. It is an unusual feature of the gearing of the pres-
ent invention that for the same direction of drive suc-
cessively opposite sides of the same tooth engage as the
teeth advance.

Herice for 90° revolution the phase relationship of the
teeth changes 180° or it is one-half tooth out of phase.
This accordingly indicates that the teeth, for this shape
of strain wave, should be equal in height to the deflection

- and have a base line equal to the out-of-phase relation-

ship for 180° revolution. The included angle is deter-

In order to illustrate this relationship, the.
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niined: by this relationship. The ‘sides of this -angle -afe
straight -since "the deflection chosen has a linear relation-
ship with revolution. Consequently the curve of Figure
14a is fully representative of tooth form if the abscissa is
equal to the circular pitch of one tooth.

From Figure 14 it is possible to produce a generalized
‘formula for circular pitch for use in strain wave gearing
calculations. The nomenclature as applied to this cal-
culation and as appearing on Figure 14 is as follows:

d=total deflection —difference in pitch diameters
Dr=pitch diameter of ring gear
Dgp=pitch diameter of strain gear

p"= cireular pitch

n==number of lobes on strain inducer
Npe=number of teeth on ring gear
Ng=number of teeth on strain gear

d-—"DR-—DE
DR=NRID
m
DE=NEp
m
?’L=NR——NE
Then
g Nzp
kin rig

therefore the circular pitch formula for strain wave gear-
ing is

Here the circular pitch is reduced to a definite rela-
tionship with deflection and number of lobes on the strain
inducer. As a result, the tooth form is dependent only
upon the number of lobes on the strain inducer. In
producing Figure 14, it was assumed that the curve is a
linear function of revolution. This, of course, is not -
strictly true for a natural strain wave. In order to ascer-
tain the degree of linearity obtainable with a strain wave,
measurements of an actual wave were carefully taken as
outlined above and as tabulated in Table I. In this table,
the first column shows the measurements obtained from
one of the waves and the second column shows the
measurements obtained from the opposite or other wave.
In the third column these have been averaged and these
data are used to determine linearity of the portion of the
These data were also used to plot the curves
of Figures 13, 15, 17 and 18. The maximum deviation
of any reading from this average was 0.00006 inch.

The fourth column of Table 1 shows the deflection or
ordinate position of a 28.6° line for each 6° revolution
of the abscissa. The ratio of the ordinate to the abscissa
‘was calculated as follows:

6° 'Abscissa:—g/DivisionsX COT 28.8° in abscissa

7l.dli

ao2no
=T %%,m.gggg

=,0030846’ ordinate

The 28.6° line was chosen as the closest match with
the desired objective of having 50 percent of the teeth in
contact at the center of tooth tolerance. This also sim-
plifies the tooth form and calculation. It maiches the side
of the 1.44d triangle to within 0.0000011 inch per abscissa
division of 6°.

The point on Table 1 which corresponds numerically
to 16.25 was made coincident for purposes of comparison.
This point is approximately the center of the tooth con-
tact area. The differences between the deflection for the
curve in the third column ‘and the straight line in column
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4 was multiplied by the sine of 28.6° to determine the
actual distance between these two points. These distances
were tabulated in the fifth column. As indicated here,
linearity has been achieved within a quarter of a thou-
sandth of an inch. - Preliminary calculation indicates that
this quarter of a thousandth of an inch can be fully ab-
sorbed under applied load by the minute deflection of
-all associated parts without increasing the stress at the
maximum stress point.
with straight sides over the tooth contact area as in the
discussion with respect to Figure 14. Formula 2 will
then apply to circular pitch of the teeth and the angle
of the side, or the pressure angle, will be a function of
this pitch and the deflection in the following manner:

Pressure angle=tan— 'lgg/ 1.44d

— I L

tan—"l5 e

ot -r1:091
n

Figure 15 indicates these results graphically, plotting
deflection against revolutions in degrees. This plots the
experimental data with the 1.444 triangle superimposed.

While it is true that strain calculations made from prov-
ing rings indicate that the form of the strain wave is
independent of ring dimension, vertification of this feature
was obtained by measuring another ring of entirely dif-
ferent proportions, which, when compared with the ring
-previously measured are as follows: ’

Outside diameter — oo e percent_. 140
Inside diameter — oo oo do___. 160
ThickResS o et do.._- 49
Peflection o do___. 200
Deflecting arbor radits oo do____ 35
Relaxed ovality o cccm e inch.. .012
‘Variation in wall thickness . ___— do_..- .0018

As might be expected, the uniformity of the wave for
this ring was not as good as for the more nearly perfect
ring from which the data in Table 1 where plotted.” It
should be noted, however, that throughout the tooth con-
tact area the linearity was excellent, averaging 0.0001
inch with a maximum of 0.0003 inch. At no place in
the entire wave did the two waves differ by more than
'0.0004 inch. To illustrate this match, alternate dots
. marked with a light stroke on the right hand portion of
the wave of Figure 15 have been plotted from this latter
ring. It would appear from the experimental data ob-
tained from these two dissimilar rings that there is a
strong indication that the wave form within the range
used in strain wave gearing is independent of ring dimen-
sion or deflection. .

In order to determine if the number of lobes on the
strain inducer would cause an alteration in the wave
shape, a ring was radially distorted at three 120° points
and measured. The results of these measurements are
plotted in Figure 16, the plotting deflection against revolu-
tions in degrees. A line was superimposed over its curve
in accordance with Formula 3, which for the three lobe
strain inducer has a pressure angle of 20°. Deviation
of the curve from this straight line was then calculated
in the same manner as was done above for the two lobe
system. The results are shown on Figure 16 for the
tooth conmtact area. It should be noted that there are

. fewer points on the three lobe curve than on the two lobe
curve. This is due to the fact that the three lobe curve
has a curve length of 360°/3 while the two lobe has a
curve length of 360°/2. The divisions in both cases
are 6°. :

On Figure 17 the same data are resolved into a practical
. tooth form. The teeth on both gears have beer made
identical except for the angle. The pressure angle on the
strain gear has been increased to compensate for the

Hence the tooth can be made
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angularity of thé strain wave with the pitch circle circum-
ference during tooth comtact. To correct for the slight
change in angle caused by the tooth being on an arc, the
pressure angle of the ring gear is given for the tooth and
the pressure angle for the strain gear is given for the
space between tecth, Fortunately, the shape of the strain
wave permits provisions for more than adequate fillets,

. clearances, and tolerances without materially reducing the

theoretical maximum tooth bearing area.. This bearing
area is the portion of the curve that coincides within
manufacturable limits with a straight line. Since the
height of the triangle which has sides in coincidence with
this curve is 1.44d and since the coincidence portion is
about 0.77d, approximately 46% of the triangle height
can be used for fillets, clearances and partially for
tolerances.

The pitch line for the ring gear is represented as a
straight line. The effective pitch line of the strain gear
varies radially from the center as the strain inducer is
rotated. Coincidence between the pitch line of the ring
gear and the strain gear occurs only at the extreme top
or crest of the strain wave. The center of a tooth on
the strain gear at the pitch line shown by a heavy dot will
move radially in and out as the strain inducer moves the
wave at the tooth. After the strain inducer has moved
360°/2n, the center of the tooth shown will have been
displaced radially toward the center by the distance equal
to the deflection. .

By analysis of Figure 14 it has been determined that the
shape of the strain wave also describes the theoretical
tooth shape. While these waves are the same in form,
they are of an entirely different scale. By representing
the wave length as being equal to the circular pitch, it is
easier to visualize tooth relationship. In Figure 18, plot-
ting deflection against circular pitch, the center of the
line of a tooth is moved along such a wave to illustrate
the relative position of mating teeth throughout their
travel. It must be remembered, however, that a rotational
tooth movement equal to “circular pitch” requires a ro-
tation of the strain inducer of 360°/n. The rotational
increment of the strain inducer for the tooth positions
shown in Figure 18 is 48°/n. .

For the purpose of the discussion herein, it has been
assumed that the flexible or strain gear rotates (or re-
mains rotatatively stationary) as a unit and that all parts
of this gear are in constant angular relation with all other
portions thereof. More rigorous treatment demonstrates
that rotation of the radial deflection of a ring causes a
small circumferential shift of portions of the ring which
causes angular motion of one part of the ring periphery
Introducing such rigorous treat-
ment herein is to be avoided as it needlessly complicates
the analysis. The consequences of this circumferential
shift tends to enhance all features outlined herein. Spegifi-
cally the tooth engegement is moved around toward the
point of maximum deflection so that the engaged teeth
are further in mesh, the tooth sliding is markedly reduced,
increasing maximum efficiency, the tooth width at the pitch
line is increased and the tooth pressure angle becomes
considerably less critical. .

Figures 17 and 18 also illustrate that at the crest of
the wave, when the 'two pitch lines are coincident, the
teeth are fully in mesh but they are not in contact with
each other. This will be evident by considering the re-
lationship of the fully engaged teeth in Figure 17. The
space on cach side of the strain gear tooth is not clearance
but is the space necessary for the teeth on the strain gear
to travel along the wave from one side of the tooth space
to the other side. While travelling a distance equal {o
the circular pitch, a tcoth on the strain gear progressively
goes through the following cycle:

(1) 13 percent travelling from the adjacent tooth
space to the tooth contact area of the tooth space it is
entering,
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(2) 27.5 percent travelling -along the ‘tooth space area
on the entering side of the tooth space.-

3) 19 percent travelling from the tooth contact area

on the entering side ‘of the tooth space to the tooth con-
tact area on the exiting side.

(4) 27.5 percent travelling along the -tooth contact
area on the exiting side of the tooth-space,

(5) 13 percent travelling from the exiting side ‘of the
tooth contact area to the dividing line with the next tooth
space that it is entenng

Since the tooth is not in contact at the crest of the
wave, backlash is easily controllable by providing a means
of adjusting deflection. It‘s-quité possible in accordance
with the invention to produce a construction having zero
backlash. Also, this cycle of -operation tends to pump 15
lubricant to the working ‘surfaces.

The pitch line of the strain gear in relation to the tooth
is always the same but the pltch line in reference to
the center of the gear varies in accordance to its p051-
tion on the strain wave. While the strain gear is in 20
the strained condtion this pitch line is at all times coin-
cident with the strain wave. It is from this effective pitch
line that all calculations are made with the exception of
the dimensions to the tooth in the relaxed or unstrained
condition, Inducing the wave into the strain gear fends 25
to stretch or increase the periphery of the ring. Hence
the relaxed pltch diameter does not equal the pitch
diameter of the ring gear minus deflection. It is slightly
smaller than this. For the two lobe strain inducer, the
relaxed pitch diameter is smaller by 0.04164. For practi- 30
cal considerations, the amount of difference can advan-
tageously be utilized as the tolerance to be added to the
ring gear pitch diameter and subtracted from the effective
strain gear pitch diameter. Then:gears made to the center
of the tolerance limits will be theoretically correct.

. Gears which are made to the basic dimensions of Figure
17 will have 55 percent of their teeth in contact—one-
half of these on the tooth contact area of one side of the
teeth and the other half on the other side of the teeth.
Since these teeth are ‘actually opposing each other, the 40
gear can be made completely without backlash. Also,
27.5 percent of the teeth are actively load bearing when
acted upon by a torque.
~ When the pitch line of the strain gear is coincident
with the pitch line of the ring gear at the crest of the 45
strain wave and the teeth are made to the basic dimersions
shown in Figure 17, the rotative clearance between the
tooth on the strain gear and the tooth space in the ring
gear at the approximate center of the tooth contact area
is-0.0019p. For a tooth having a circular pitch of g
0.0525 inch, the clearance would be 0.0001 inch. The
fractional dimensions listed on Figure 17 are not to be
construed as approximations but are accurate to at least
four decimal places.
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BASIC -RELATIONS

Table 2 shows the rela’aonshlp of various parameters
which are important in connection with the calculation
of strain ‘wave gearmg Whenever desirable ‘these have
been-expressed in terms ‘of defléction, diametral pitch and
‘¢ircular pitch. Many -additional expressions can ‘be -de-
‘rived .from these data.

Many ‘of ‘these terms -are common with standard: gea;r
terminology. In many instances, however, there are new
ferms or new definitions necessary when these terms are
apphed to strain wave gearing. Contact ratio for strain
Wwave gearing is des1gnated by “C” and expressed as the
percentage of total tecth in contact. This is the quotient
of the number of teeth which are in actual contact with
‘mating teeth (con31der1ng both gears) divided by the
total number of teeth in both gears. ‘Where strain wave
gearing are designed according to the preferred foim in
accordance with the present 1nvent1on, the contact ratio
will be 55 percent, and with minimum tooth tolerarces,
45 percent. Deflection “d” is a new term applicable only
in strain wave gearing. It is the dimension of the height
of the strain wave in the strain gear equal to the difference
in (1) the radial distance from the center to the crest of
the wave and (2) the radial distance from the centér
to the base of the wave.

The deflection in the strain gear introduces another
new ‘term Dy This is the effective working diameter
of the strain gear which is equal to the pitch-diameter

_, AB8dn
7
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of the ring gear minus deflection. Representing this
as a diameter may not be strictly accurate since the strain
wave has altered the circumference to either an elliptic
or slightly triangular configuration. However, if we
consider it as the diameter of a circle on which the strain
wave center is superimposed, it will greatly facilitate cal-
culation. When the strain gear is manufactured, or when
it is not assembled into a complete gearing unit, the pitch
diameter in this relaxed form is smaller than the effective
or working pitch diameter by a slight amount. This re-
laxed diameter is designated Dg. In practice this differ-
ence is included on the strain gear drawing as negative
tolerance to the effective pitch diameter. An equivalent
positive tolerance would be given to the pitch diameter
of the ring gear. Accordingly, gears made to the center
of the tolerances would be theretically correct.

The subscripts D and F applied to D and N are re-
quired for the determination of the gear ratio. - The
designation for gear ratio has been changed from the
customary mg to R since the standard means of determin-
ing gear ratio does not applied.

Throughout this description of strain wave gearing it
has been assumed that n was equal to the difference in
the number of teeth in the two gears and the tooth rela-
tions were developed accordingly. While this relation-
ship is not mandatory, many of the advantages of strain
wave gearing are sacrificed by having the tooth differ-
ence a multiple of » without deriving any compensating
advantages in most cases.

There is a slight alteration in the definition of the
working depth W. In strain wave gearing it is the radial
length of the active profile. This is the radial distance
that mating teeth are in actual contact, The teeth inter-
engage up to twice the addendum as in standard gears
but from 0.77d to this depth they are not in contact. In
the calcufations of the pressure angle for the strain gear,
consideration has been givea to the slight angular dif-
ference caused by the strain gear being deflected. This
requires the pressure angle on the strain gear to be larger
than the pressure angle on the ring gear. The angular
difference is an angle whose tangent is 1.44d divided by
the length of the arc for one half of a strain wave. With
this correction, the contact surfaces of the two gears
should be parallel as they slide over each other. For
a normal size steel strain gear this angular correction
is approximately one degree and for other than precision
gears, this correction might advantageously be divided
between the two gears as angular tolerance.

DESIGN FORMULAE

Since the interaction between the teeth is dissimilar to
that of standard gearing it is questionable whether stand-
-ard gear formulae are applicable. This is particularly
true of the Hertz Equation which deals primarily with
conditions of point or line contact. In strain wave gear-
ing, properly proportioned, there is sliding surface contact,
with the action of wear, elasticity and skewing of the
strain wave under load tending to maintain this surface
contact. Since preferably over 50 percent of the teeth
are in engagement, inaccuracies of a few teeth tend to
become corrected as the gear wears. Considering the
-tooth as a beam also does not appear applicable due to
the pressure angle relationship to the tooth size. Shear-
ing strength, tooth contact pressures, tensile stress in the
- deflected strain gear and the radial load on the stress
_inducer appear to be determining characteristics in strain
wave gearing. Formulae for these have been developed.

omax=Maximum tensile stress in deflected ring at outside
crest of wave, p.s.i.
oy=Tensile stress in deflected ring at wave base, p.s.i.
o,=Shear stress, p.s.i.
¢=Pressure angle, degrees
- C=Percentage of teeth in contact (tolerance  cen-
ter)=.50
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dy=Deflection (diametral), inches

E=Modulus of elasticity, p.s.i.

em=Mechanical efficiency

fi=Coefficient of sliding friction, gear teeth

fo=Coefficient of friction, strain inducer

F=—=Face width of gear, inches

I=Width of ring, inches

n=Number of lobes on strain inducer

r=Radius of ring, inches

Sp=Tooth contact pressure, p.s.i

Sp=Surface endurance limit, p.s.i.

t=Thickness of ring, inches

T,=Input torque, pound inches

T,=Output torque, pound. inches

Wi=Radial load required to deflect ring, pounds

W=Radial load on strain inducer with applled output
torque pounds

FORMULAE
mar=2. 95‘1g (when n=3) (4)
td’ (when n=3) (5)
Wi=2. 6d l‘aE (when n=3) (6)
Fmax=1. o3td‘E (when n=2) (7
1= 59”‘ (when n=2) (8)
Wi=. 56‘1—”31—’3 (when n=2) (9
_rrtFSycos ¢
T‘f_z sin ¢ (10)
T,=.63 1?F o, (113
To=TiRen (12)
'f.458dn
1—f; tan ¢ Ty 13
To=Tw tan ¢-+f; 45fdn“+f2 (13)
— T,,, tan ¢o+fi
Wr= W1+m' Xl—f; tan ¢ (14)
T,
=162 (15)
. T.sing '
SP=12752" % (16)
_,258dn
=1 1—f tan ¢ Ty
RX tan o1f. >~ .458n an
] ——+f
T,
Tl "'Rem (18)
A58dn
+f2
=T, 20 (19)

1—f; tan ¢X1_f A458dn
Ty

Formulae 4 to 9 are given in two groups, one being
for use when n=3 and the other when n=2. Introduc-
ing n into the formulae would have made it needlessly
complex, particularly since there appears to be no ad-
vantage or need for a strain gear with n greater than 3
for ordinary purposes.” These formulae have been de-
rived from standard stress and load formulae in the liter-
ature. They have been reduced to a form most applica-
ble to strain wave gearing. It has been assumed that the
strain gear is a ring of rectangular shape and that the.
radius is to the neutral axis of the ring. Deflection d;
is given as a diametral change in preference to a radial
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change as this-dimension is almost identical to deflection
d; that is, the height: of the strain wave. For all practi-
. cal purposes these- values may be assumed to be the
same,.

Formulae 4 and 7 are used to calculate the maximum
stress which is encountered in-any portion of the strain
gear. It is for the outside surface of the ring at the
crest of the wave and assumes point loading by the de-
flecting media. Loading over an-area or by a large radius
decreases the tensile stress at this point. It will be noted
from Formulae 5 -and 8 that the stress at the base of the
wave Is slightly more than half as much as at the crest.
This could be deduced by inspection of the wave form
which has a more gent]e curvature:at the base than at
the crest. By an appropriate lobe configuration on the
strain inducer, the stress at the base and crest can be
made the same. However, this changes the wave shape
and - requires different tooth configuration.

The validity of Formula 4 has been checked by photo-
elastic means using (1) two different diameter rings,
(2) three different thicknesses of rings and (3) six dif-
ferent- deflections. In every instance the photo-elastic
résults were slightly lower than the value derived by
the formula varymg from one percent less to ten percent
less. Since the increase in length of the circumference
from the internal load which adds to the tensile stress
does not add to the static fringe pattern, it would ap-
pear to be normal for the photo-elastic results to be
somewhat less.

Formulae 6 and 9 determme the radial load imposed
on the strain inducer for deflecting the strain gear. This
is the minimum radial load on the strain inducer when
no power is being transmitted. The load data derived
from' these: formulae’ are used in Formula: 14 to deter-
mine’ the total or maximiuim radial load on the strain
inducer. ' ' '

Formulae 10 and 11 are used to determine the maxi-
mum permissible output torque, Formula 10 being based
on the: surface endurance limit on surface’ compression
of the contact surfaces as usually defined in connection
with' gearing, and Formula 11 on the minimum shear
Strength'of the'teeth. Output torque in pound-inches is
used instead of the actual load in pounds on a tooth
since, for strain wave gearing, 50 percent of the teeth
are in coritact and the load is equalized in the gear ar-
rangement to produce torque without any side thrust on
bearings or shafts. As will be explained, th1s is a great
advantage of strain wave gearlng

In’ Formula 10,

PR 2K 5K BN F1

Torque (1b./)= 2sin ¢

If the first r were transposed it would cancel out
with the inches in torque and convert it to load. The
next -term is the circamference of the pitch circle which,
when multiplied with 0.5 represents the amount: of this
circumference that has' teeth in contact with the main
gear. Since-only half of the engaged teeth- are posi-
tioned to develop power in one direction, this must
be multiplied by 0.5. This, then, represents the length
of the pitch circle circumference that has teeth engaged
to resist the applied torque. Dividing this by the sine
of the pressure angle converts it to the total length of
the contact area. However, since the teeth are moving
in and out over this-length, it must be divided by two
to obtain the average. Multiplying this length by the
face gives the total. area in contact at any instance.
Finally, this must be multiplied by the surface endurance
limit for" the material- from which the gears are made,
and since the force component is at an angle, this must
be multiplied by the cosine of the pressure angle. In
most: instances the surface endurance limit does not ap-
pear to be . the limiting factor in torque development
with strain wave gearing.
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In Formula 11, -
Torque (1b.”")=r"" X 2mr"" X.5%.5 X403 X F"' X a5 (p.’s;i:)

Again, the first » is to convert torque to load:

The following three terms are as outlined in. For-
mula 10, to find the length of the pitch circle that
has teeth resisting applied torque. - The next term 0.403
is average percentage of circular pitch that is in shear
parallel to the pitch circle. Multiplying these by the face
gives the number of square inches in shear. - Multiply-
ing by the minimum shear strength of the material com-
pletes the equation. Formula 12 is an obvious. rela-

- tionship of the output torque to the input torque and is

inserted to introduce the similar relationship of For-
mula 13 where gear ratio and mechanical efficiency are
expressed in terms of tangent and coefficients of fric-
tion. If the coefficients of friction are assumed to be
zero then the efliciency would be 100 percent and T,
would eqiial T;R—hence, the last two expressions of
Formula 13 are equal to R when f; and £, are equal to
zero, Under these conditions R is equal to the product
of the reciprocals of (1) the tangent of the tooth pres-
sure angle, and (2) the tangent of the angle of the strain
wave to the circumference during tooth contact. This
latter angle is an angle between two lines drawn tangent
to the effective pitch circle and the strain' wave at the
point where the strain wave crosses the pitch circle. If
there were no friction, the supplied torque would exert
a force mormal to the surfaces represented by these
angles., However, in- the presence of friction the re-
sultant forces will be inclined from the normal by the
amount of angle of friction. If the tangent of the sum
of these angles is expressed by functions of the com-
ponent angles and f equals the tangent of the angle of
friction, the resulting equatlon is as expressed in For-
mula 13.

In Formula 14, where the expression dealing with the
pressure angle is the reciprocal of the one in Formula 13,
the load imposed by the output torque and friction is
added to the initial load required to deflect the ring.
This gives the total radial load which must be" with-
stood by the strain-inducer in delivering a glven output
torque. In the design of the strain inducer using balls
or roliers having point or line contact, consxderanon must
be given to' this radial load.

Formula 15 is a transposition of Formula 11 and is
used to determine the shear stress with a given output
torque. Formula 16 is a transposition of Formula 10.
However, “surface endurance limit Sy,”” has been changed
to “tooth contact pressure Sp” as the formula is used
to determine the contact pressure on the active profile
of the teeth with a given torque output.

Mechanical efficiency of the entire strain wave gear
system is calculated by Formula 17. As was seen in
Formula ‘13, without friction, the last two expressions
would be equal to R. If this were divided by R the
results would be' 1 or 100 percent efficiency. With fric-
tion, a lesser value is obtained representing the per-
centage of transmitted power. A strain gear to the fol-

lowing dimensions would have an efficiency of 82 per-
cent.

Diameter, Dpy e~ inches.... 4
Iobes, m 2
Deflection, ¢ oo inch._. .04
Coefficient fi .05
Coeflicient fo e 0015
Ratio, Dp/d o . 100/1

This eﬁiciency value is for an entire gear reduction
unit. Friction in the input and output bearings is negligi-
ble since there are no thrust or radial forces in strain
wave gearing. In this example, coefficients of fr1ct10u
were chosen that appear to be a normal average under
normal lubricating conditions, f; being for a lubricated
surface sliding and'f, for rolling. If these two coefficients
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are reduced to the lowest value which appears to be com-
merically feasible, the efficiency would be 96 precent. If
the coefficient of friction of both f; and f, were doubled,
a condition representative of poor workmanship and poor
lubrication, the efficiency would be 69 percent.

Formula 18 is a transposition. of Formula 12. - For-
mula 19 is a transposition of Formula 13.

These formulae were developed by analysis of tooth
motion using data extrapolated from standard engineer-
ing practice. It is believed that specific experimental
tests on strain wave gearing will undoubtedly bring about
modifications to these formulae and may possibly in-
troduce other parameters. Until such time as actual tests
have established different values the conservative values
from extrapolated data should be used.

DISTINCTIVE FEATURES

The radically different principles upon which the op-
eration of strain wave gearing depends produces parame-
ters differing considerably from those normal for conven-
tional gearing. These differences are outlined and dis-
cussed in the following paragraphs.

Many of these features are interrelated and consequent-
ly in the discussion of one feature others may be in-
volved. In many instances there.is only a distinctive dif-
ference if some of the other parameters are comparable—
for example, “torsional rigidity of output” should not be
expected with a gear which features “light weight.”

Adjustable freedom from backlash.—Tooth interen-
gagement in strain wave gearing is the result of the rad-
ical deflection of the erlatively thin ring strain gear.
Engagement is on both sides of the crest of this deflection
with the tooth contact area on the strain gear on the side
of the tooth toward the crest of the wave. Directly at
the crest of the wave, and for approximately 10 percent
of the tooth pitch on each side, the teeth are in mesh
but not in comtact. By making the strain inducer
capable of adjusting the deflection, a gear system with
backlash can have it removed by increasing the deflec-
tion to the point where the crest of the wave is radially
deflected further into the mating tooth spaces until the
teeth at each side come into contact.

As in standard gearing which has its center distance
changed, this partially destroys the theoretical tooth rela-
tionship. However, in strain wave gearing this does not
appear to have a marked deleterious effect as the angle
change from the theoretical parallel mating surfaces is
minute. Since the strain gear is a relatively thin gear, by
increasing the defiection the crest can be made to “spring
load” the contacting piece by changing or skewing the
shape of the strain wave, A slight amount of this is de-
sirable to eliminate all backlash and to preload the piece
to assure freedom from blacklash after high spots on
the teeth have been worn away. Increasing the deflec-
tion beyond a moderate spring load, however, is not
recommended due to the added stresses imposed on the
strain gear at the crest of the wave. )

It has been experimentally ascertained that a gear sys-
tem can be easily made free from all backlash without
a marked increased in input torque. This was checked
on a gear made to the approximate dimensions of the
gear described in connection with the calculation of the
mechanical efficiency of the system by Formula 17 above,
except that the number of lobes was three instead of two,
An eight foot long boom was attached to the output
shaft and backlash was measured at the end of this
boom by a 0.001 inch dial indicator. No backlash was
discernible under this test. o

| Precise transmission of motion.—The gear ratio rela-
tionship between the input and output is always deter-
mined by approximately 50 percent. of the teeth, half of
those ‘opposing the other half. Cormsequently, the posi-
tion of the output relative to the input at any one instant
is not determined by one or two teeth ‘which may, due
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to faulty manufacture or wear, be improperly spaced
or formed. Also these tecth are distributed at sevgral
points (2n) around the circumference and hence shght
eccentricities do not affect the input-output relationship.
The use of small teeth also tends to increase the acn}al
number of teeth in active engagement. This precise
transmission of motion is inherent in correctly made
strain wave gears and consequently a large number of the
distinctive differences play a contributing roll. The major
ones are discussed in reference to adjustable freedom
from backlash, large percentage of teeth in contact, uni-
formly distributed wear, balanced forces, torque de-
veloping forces at point of greatest leverage, surface con-
tact, torsional rigidity of -output, no “center-distance”
problem, insensitive to misalignment and differential mo-
tion, insensitive to eccentricity and tooth shape.

Large percentage of teeth in contact.—With strain wave
gearing made to thé basic dimensions, 55 percent of the
teeth are in active engagement. Fifty percent of these
are actively engaged with one side of the teeth and the
other 50 percent are on. the other side. Consequently
27.5 percent are in action at any one instant tending to
drive the output. This 27.5 percent are distributed
around the periphery of the strain gear-to a number of
places equal to the number of lobes on the strain inducer.
These teeth vary in degree of engagement from just en-
tering to a radial depth of 0.77d. This gives an active
profile of ‘

0.77d
" COS ¢

Low pitch line velocity.—In this respect strain wave
gearing is especially unique. There are two gears in-
volved in the entire gear train under normal circum-
stances, and one of these is stationary with zero pitch
line velocity. The other has a rotational speed equal to
that of the output shaft. Since the gear ratios of strain
wave gearing are relatively large in many cases, the out-
put rotational speeds are relatively small, of the order
of ten to a hundred revolutions per minute in many ap-
plications. With a four inch diameter gear this would
give a pitch line velocity of only 100 feet per minute or
less. ) : C

Uniformly distributed wear.—FEach revolution of the
input brings every tooth on each gear into active contact
with mating teeth on the other gear several times. This
effectively prevents differential wear particularly in re-
ciprocating use such as on hand operated controls or in-
struments. The large percentage of teeth in contact at
all times also tends to distribute the wear over all the
teeth. Incorrectly positioned or proportioned teeth will
receive a disproportionate amount of wear tending to cor-
rect these teeth. Subsequent wear will be uniformly
spread over all of the teeth. )

Small tooth motion—1In strain wave gearing the small
size teeth move radially in and out of engagement, Their
total travel is equal to the deflection and they are in con-
tact with mating teeth at 77 percent of the deflection.” For
a gear system as described above in reference to the cal-
culation of the mechanical efficiency under Formula 17,
the total tooth motion would be 0.04 inch with a radial
sliding motion of 0.03 inch.. Advantages of this are
discussed in reference to low tooth sliding velocity, ease
of lubrication and quiet operation. :

Balanced forces.—Since: all of the forces necessary to
produce torque are distributed at the pitch lines of both
gears at a number of equal points equal to the number of
lobes on the strain inducer, they tend to balance out and
become equal. This effectively prevents any radial forces
being inserted on the ocutput shaft bearing as these tend
to be self-centering. The same condition prevails on the
input since the strain inducer also exerts its radial forces
at a number of places equally spaced. All of the active
forces within the strain wave gearing system are balanced
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so. that they tend to produce only the desired result——the
transmission of torque. 7

. Torque developing forces at points of greatest lever-
age.—Since the application of the forces which tend to
produce torque in the output shaft is distributed around
the periphery of the gear at its pitch line, the maximum
torque can be developed for given forces. The pitch line
of an internal gear used in this manner gives the maximum
lever arm obtainable in a given size gear. Also, since the
forces are distributed at several equidistant points on the
pitch line, the lever arm is effectively equal to the pitch
diameter. _

Low tooth sliding velocity.—For a small tooth moving
radially in and out for a distance only equal to its height,
a very low tooth sliding velocity can be obtained. For
the gear used in connection with the determination of
the mechanical efficiency by Formula 17, a tooth moves
0.04 inch into and out of engagement for each 180 de-
grees of rotation; or 0.04 inch radial motion in one quar-
ter revolution. At 1800 r.p.m. this would give an average
radial tooth velocity of 24 feet per minute. The maxi-
mum sliding velocity on the active profile of the tooth
would then be 27.5 feet per minute.

Large angle of daction—Since 55% of the teeth are in
active contact, the total angle of action would be
0.55%360° or 198°. For each point of contact it would
be 198°/n. The angle of approach and the angle of
recess for strain wave gearing are equal. Consequently
the angle of approach and the angle of recess are each
equal to one-half the angle of action, or 99°.

Surface contact—The active profile on all of the teeth
is a plane surface. As the tooth on the strain gear ap-
proaches the mating tooth on the ring gear it is canted
so that its active profile is parallel with the active proiile
of the tooth it is entering. It then slides into and along
this active profile until it approaches the crest of the strain
wave.. It then leaves this side, and while travelling over
to the other side, it changes its cant so that the opposite
active profiles become parallel just as they come into con-
tact. For the balance of its contact, it is sliding over
these active profiles.. At no time, other than the exact
instant of tooth engagement is there a line or point con-
tact. This area contact is therefore a very important as-
pect of the invention. For the gear above described in
connection with the calculation of the mechanical effi-
ciency using Formula 17, the area of this contact surface
at the tolerance center would at all times be 7.0 square
inches. Half of this, or 3.5 square inches is load bear-
ing in ome direction. This large area in contact reduces
the surface pressures to a low level, and at the same time
makes it possible to bear much greater loads than would
be the case with ordinary gearing.

Sinusoidal tooth motion.—The shape of the strain wave
is similar to a sine wave, This effectively eliminates all
shock as the teeth gradually decelerate to. zero radial
velocity after passing the tooth contact area. They then
accelerate in the opposite direction up to the point of
tooth engagement. During tooth engagement ’ohey are
moving essentially at constant velocity. This action 1s
similar for both ends of the radial tooth travel. .

Large gear reduction—Due to the differential action
between the two gears, large gear reductions -are easily
obtained without maultiplicity of parts. One of the means
of calculating gear ratio is the pitch diameter of the
driven gear divided by the deflection. Since the deflec-
tfion can be made very small, the gear ratios can be
made very large without sacrificing the other advantages
of strain wave gearing. .

Large torque capabilities—Calculations indlcatfa a sur-
prisingly large torque-producing capacity for strain wave
gearing.. For example, assuming that the gear above ghs—
cussed in connection with the calculation of mechaplcal
efficiency using Formula 17 is made from a steel Wlth_ a
shear strength of 50,000 p.s.i., the output torque capacity
would be 126,000 pound-inches. The tooth contact pres-
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sure for this torque would be less than 22,000 p.sii  If
the input were driven at 1800 r.p.m., the power output at
this torque would be 36 horsepower. It is obvious that a
gear of this size would not have sufficient thermal ca-~
pacity, even with cooling, to continuously deliver an out-
put of this amount. Sample strain wave-gears have been
tested for short periods. of operation at approximately:
one-half this value without damage. From this, it would
appear that output torque capacity is not the limiting fac-
tor. However, if a gear system of this size were used for
the transmission of one horsepower, it would have an
overload or shock resistance safety factor of 36, as:com-
pared with an overload or shock: resistance safety factor
of many conventional gearing systems of the order of
two or three. . .

Low tooth contact pressures—As was pointed out in
the discussion of surface contact, the load bearing area
o_f the teeth in contact for the gear system above meén-
tioned in calculating the mechanical éfficiency - using
Formula 17 is 3.5 square inches. With-any reasonable
load application, this area is of sufficient size to rediice
the unit load pressure to a small value, - For example, in-
transmitting one horsepower at 1800 r.p.m. input through
this gear .system, the tooth contact pressure would be
only 605 p.s.i. Even with the immoderate transmission
of 36 horsepower, the tooth contact pressure of 22,000
p.sd. is well below the endurance limit of steel.

No load on bearings—All of the forces within strain
wave gearing are counterbalanced as discussed above in
reference to balanced forces. Consequently a strain wave
gearing system can be made to operate without bearings
on either the input or the output. The forces all tend to
be self centering. Several models of strain wave gearing
applied to motors have used this centering tendency as
the motor bearing for ene end of the armature. There-
fore the bearings that are used on a strain wave gearing
system are only to enclose the mechanism and with-
stand forces applied from the outside.

Low shear stresses in the teeth.—Due to the large
percentage of teeth in contact and the power developed
at the greatest point of leverage, the shear stresses are
very low for any reasonable load application. For the
gearing used in determining the mechanical efficiency,
using Formula 17, transmitting one horsepower -at 1800
r.p.m. input, the maximum shear stress of the teeth
would be 1400 p.s.i. L

High efficiency for high gear ratio—The efficiency .of
strain wave gearing is discussed above in reference to
Formula 17. It was there shown that a gear system
with a ratio of 100 to 1 had an over-all efficiency be-
tween 69 and 96 percent depending on workmanship and
lubrication. Increasing the gear ratio does-not deciease
the efficiency as markedly as is the case in standard gear-
ing. - If the same easily attainable coefficients of friction
and the same type strain inducer are used, a 400 to 1
ratio gear system will have an 80 percent efficiency in
relation to 93 percent efficiency for a 100 to 1 ratio:
By the use of a.different type strain inducer, more suitable

- for the higher ratio, the efficiency of the 400 to 1 ratio

system will be 88 percent. It has been experimentally
ascertained. that a 300 to 1 ratio strain-wave gear system
built into a motor had an efficiency in excess of 75 per-
cent when tested under the adverse condition of light
loading. ,

Torsional rigidity of output.—The output shaft can be
directly coupled to the driving gear at its outside diam-
eter. ‘This driving gear in turn can be “keyed” to the
stationary gear by 55 percent of the tecth which are en-
gaged. The torsional rigidity can therefore be made
equal to a short tube with the wall thickness, length and
diameter equal to those of the strain gear. “A short tube
has the greatest torsional rigidity of any type section of
its size, weight and material. B

Few parts—As a torque transmission unit that dots
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not have any exterior lateral forces apphed to it, the
entire unit can be made from three parts, a ring gear, a

strain gear and a strain inducer. To use this torque will
probably require a few additional parts. An actual strain
gear unit has been built into a fractional horsepower
motor- with only seven (7) parts added to the motor;

& ring gear, a strain gear, an inner ring, three one-half

inch balls and an output shaft.

Ease of lubrication.—Low velocity and short travel are
probably the two greatest contributors to simplifying the
lubrication problem. Also, the teeth move radlally in
and out tending to distribute throughout the entire gear
surface by capillary action any lubricant that is present.
Since the travel of the tooth on the active profile is only
a short distance before it moves to another active profile,
there is no replenishing problem—the tooth does ot
slide far enough to force out all of the lubrication. In
addition, the lubrication material that is at the head of
the tooth as it is moving into place gets spread over the
entire. active profile.

Small size—As indicated above in regard to the large
torque  capabilities, a strain wave gear reducer has a
large capacity-for given size. As a consequence, a unit
for the same capacity would be relatively very small
in size. Calculations indicate that, excluding the question
of thermal capacity, a strain wave gear reducer would
be less than 10 percent in cubic size of that of a standard
gear reducer of equivalent ratio and torque capacity.

Ease of manufacture—Teeth of the size and shape used
in strain wave gearing can be broached from tubing in
quantity production lots. Since the gears are essentially
rings, there is no center hole to which the teeth can
be eccentric. Also, as the strain gear is deflected in
service, ellipticity or out-of-roundness has no serious
effect. Slight variations in tooth contour or dimensions
can be compensated for by altering the deflection upon
adjustment of the strain inducer. The usual problem
of center distance between the gears does not exist in
this case, and the balanced forces in the system tend
to keep the gears coaxial. In moderately loaded units,
a molded neoprene or nylon strain gear can be used.

Light weight—1Light weight is the result of few parts
and small size.

Quiet operation—While quiet operation is most im-
portant and somewhat unique in the present invention, it
is the result of adjustable freedom from backlash, precise
transmission of motion, large percentage of teeth in con-
tact, low pitchline velocity, small tooth motion, balanced
forces, low tooth sliding velocity, surface contact, sinus-
oidal tooth motion, and low tooth contact pressures.

Coaxial input-output—In this respect the strain wave
gearing system is similar to -epicyclic gearing but dis-
similar to other types of gear reducers. However, due
to its small size the strain wave gearing system is ideally
suited for a reduction unit within and a part of an
electric motor. It is also of great utility on scientific in-
strument control shafts where either the whole gear unit
can be turned for fast control or the coaxial input for
vernier or slow control.

Ratios from 10 to I to 1,000,000 to 1.—Deflection and
diameter are the determinants of gear ratios—the smaller
the deflection is relative to the diameter, the higher the
gear ratio. Where gear ratios lower than approximately
75 to 1 are desired, it is necessary to use a material that
has a lower modulus of elasticity than steel to obtain
the necessary deflection. Since strain wave gearing has
surface contact, low tooth centact pressures, 10w shear
stresses in the teeth, and distributed stresses, mnylon
appears to be ideally suited for this purpose. For ratios
from about 25 to 1 to 10 to 1 the proper grade of rubber
or neoprene may be used to advantage.

Where it is desired to increase the ratio beyond approxi-
mately 200 to 1, a ball or roller strain inducer is used.
The strain wave is generated by the individual balls or
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rollers which have a planetary reduction relationship to
the sun inner raceway. In order to obtain the over-all
ratio, the ratio of the strain wave gear is multiplied by
the planetary reduction relation of the planet rollers with
the sun inner raceway. Ratios up to 1000 to 1 can easily
be obtained by this method without any mcrease in
complexity.

For ratios from 1000 to 1 to 1,000,000 to 1, dual
strain wave gearing is used. With this there are three
gears instead of the usual two; a stationary ring gear,
a movable driven ring gear and a strain gear. The two
ring gears are keyed together by the deflected strain
gear. The operation of dual strain wave gearing is
described below.

Ratio selection not limited-—Usually in differential -
mechanisms where teeth are used, ratios frequently are
in steps and the ratios in between these steps can only
be obtained by compounding. The ratios of toothed
strain wave gearing, also, must of necessity be in steps.
However, these steps are considerably smaller and are
without voids. For example, the ratio can be stated
simply as the number of teeth in the driven gear divided
by the number of lobes on the strain inducer. Then for
a three lobe strain inducer, ratios can be made to change

- in steps of one third. When the planetary strain inducer

is used, this can be further divided to obtam any gear
ratio desirable.

No center distance problems.—Strain wave gearing
does not depend on the accurate location and alignment
of shaft centers to obtain proper tooth engagement.
Input is coaxial with the output and all forces are inher-
ently balanced to automatically assure this coaxiality.

Insensitive to misalignment.—Misalignment - of the
face of the strain gear in relation to the face of the ring
gear is relatively unimportant due to the low tooth con-
tact pressure and low shear stresses in the teeth,

Surface sliding one direction only.—With rotation in
one direction, the teeth on the strain gear always enter
on one side of mating teeth and leave on the other side.
This assists in lubrication and in keeping the surfaces
free of foreign matter, thereby reducing the coefficient
of friction to the lowest possible level.

Differential motion insensitive to eccentricity and
tooth shape.—A large change in tooth shape or contour
produces the greatest effect on the percentage of teeth
in contact. Even with such a shape, there are still many
teeth in contact at several equally spaced points on the
pitch circle. While this change has a deleterious effect
on precise differential. motion, the effect is small due to
the size and number of teeth still in contact. As these
teeth stili have the tendency to center the input and out-
put so as to make them coaxial, eccentricity of the gear
pitch line with the bearing will tend to put a radial load
on this bearing along the axis of the eccentricity. Unless .
this eccentricity is sufficiently large to interfere with
tooth engagement, it should not affect the differential
motion.

Distributed stresses. —One of the highest stressed points
in strain wave gearing is the outside surface of the strain
gear at the crest of the wave. Fortunately, the stresses
introduced into the strain gear upon the transmission of
torque are not applied at the crest of the strain wave but
instead are on the side of the wave where there is prac-
tically no stress from the deflection. Consequently the
tension and compression stresses are at the base and
crest of the wave, and the shear stresses are on the side
of the wave. They are therefore not additive.

Unfortunately as the consequence of small size and
light weight, the thermal capacity of strain wave gearing
will in many cases be its limiting characteristic, ‘This
would indicate that in order to realize its potential ca-
pacity’ from other standpoints, forced cooling means
should be used for continuous heavy duty service.
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Table 3
COMPARATIVE VALUES
Epi- Herring- | Single, Helical Strain
cyelic bone worm wave

worm

Output H.P. at
18r.pan ...

Ratio_ ...

Efficiency, per-
cent,

Number of gears__| 18¢...__ 4] decacnan I [ P 2

Number of bear- i [P Boomoiin S 2
ings.

Pitch line veloc- 1,500e.--| 1,5006-~ -} 1,500¢. .1 1,500e-~ .| 18;.
ity, f.p.m.

Tooth sli?ing ve- | 2,500e~- -{ 2,5000---{ 1,5000-- - 2,500 - 28;.
locity, {.p.m.

Tooth contact 50,0006 .| 50,000¢-.| 5,000¢-- | 50,000.--| 605z

ressure, D.s.1.

Shpear stress, p.s.i..| 25,000c. -] 25,0006- - 25,000 - .| 1,400;.

Teeth in contact, | 7e_._.. : PO PYR 0f.
percent.

Safety factor.._.__ 2 o ____.| 361

Height, inches._ 14, 16 < Be.

Length, inches_ .. 20;. - e 6.

‘Width; incbes... .- 10¢.oooae 10| 6o

Cubic volume, 2,800c- - - 2,700c-- -} 216¢
inches.

‘Weight, pounds_..| 246q. ... 2800 .- AL — 30e.

Tooth econtact_..__ Line..__| Line__._ Line....} Surface

Quiet operation.__| No.___._ Yes. ... Yes.._.. Yes.

Sinusoidal tooth NOceenae NoO_ouee Nooeo Yes.
motion.

Balanced forees....| Yes.._._ No.._-.- No..ooo NOooon o Yes.

Uniform wear-...- NOaeenae No_..... No_.o__ No..__.. Yes

Contlllrollable back- [ No._..__ NO—eeeen No.....- No....._ Yes.
lash.

e¢=data obtained from catalog of gear manufacturer.

' e=estimated value.
J=derived from formulae.

In order to visualize the comparative value of these
distinctive features, data are given in Table 3 for four
different types of gear reducers compared with strain
wave gearing. For the strain wave reducer, the gear
described in connection with the determination of mechan-
ical efficiency under Formula 17 is used, placed in a
housing including input and output shaffs and bearings.
Dimensions in all cases are over housings only and do
not include the protruding shafts.

Wherever possible, data was taken directly from a
Tepresentative catalogue of a gear manufacturer for the
other types of gearing. In all cases a unit listed as hav-
ing the necessary torque to deliver one horsepower at
18 r.p.m. with the closest gear ratio of 100 to. 1 was se-
lected, In some instances the umits were not recom-
mended for 1800 r.p.m. input and in these cases the one
horsepower was calculated proportionately from the
1200 r.p.m. listings. Where there was any choice or
any discrepancy was found, the value which favored the
particular reducer was.used in each instance.

For example, the efficiency of one of the reducers was
listed as 85% but the value when taking the efficiencies
of its component parts was 75%. Since the stated effi-
ciencies in both instances do not include ratio speed and
load factors they should be considered approximate only.

Many factors were not listed in the sources of refer-
ence and in these instances estimations were made that
are believed to be conservative and of the proper order
for: the type of gear under consideration. Wherever
values are estimated they are followed by an E. For
the strain wave reducer, most of the values were derived
from the formulae discussed above.

BASIC FORMS

In the preceding explanation of strain wave gearing,
the strain wave gearing has been illustrated and described
as an elliptical two lobe cam sliding directly on the
strain gear. This simplified form facilitated explanation
of the basic principles. However, there are many pos-
sible variations for the strain inducing element, each one
having its own particular advantages. )

The form of Figures 19 and 20 is the most similar to
the one piece two lobe cam referred to above. In this
instance the strain inducer shaft 82 carries a two lobed
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strain inducer cam structure 72, which is surrounded by
a rigidly attached ring 83 of material having a low coeffi-
cient of friction and having good lubrication properties.
A typical material for this purpose would for example
be sintered impregnated bearing bronze, or a suitable.
wrought bearing bronze. The arbor portion 72 on which
this ring 83 is held is desirably capable of being expanded
s0 as to.produce the desired amount of ellipticity. :

The most ideal position is to have all points on the
periphery of the expanded arbor just touch and fit inside
the fully expanded ring 83. Under these conditions strain
wave gearing has the greatest torque capabilities as an
applied load cannot skew the strain wave. - In practice,
supporting it for 60° on each side of the crest on the
wave is sufficient.. Any suitable form of expanding arbor
construction can be used, one example being shown in
Figures 21 to 24 inclusive. In this form the shaft 82 has
a square end 84 and beyond that has male threads $5.
A washer 86 has a squared opening 87 which fits on
the squared shaft portion 84, and is provided with a
radial flange 88 and opposed wedge faces 90 outwardly
directed and respectively: engaging with cooperating
wedge faces 91 on a square opening 92 formed in arbor
segments 93 and 94 which are generally of circular ex-
terior - contour, becoming elliptical when the segmenis
separate. 'The washer is adjusted to any desired position
by interposing a shim 95 of the desired adjusted thick-
ness between the arbor segments and the flange of the
washer, and the washer flange is tightened to engage the
arbor segments with the shoulders 96 on the end of the
shaft by means of a nut 97 on thread 85. If it is desired
to force the arbor segments out farther and modify the
contour of the strain inducer, this can be accomplished
by changing- the shim thickness and tightening the nut
97.  This construction is self centering, and lends itself
to. varying degrees of wedge action to modify the strain
inducer contour.

A strain wave gear made with a plain bearing strain
inducer is of particular value in those cases where the
gear train is to be self locking, as in a hoist or rotary
table. It is particularly resistant to shock and rigid as
it positively holds all of the teeth in an immovable posi-
tion. However, it is only usable in slow moving properly
lubricated applications due to its relatively low efficiency
which is about 25 to 50% depending upon the coefficient
of friction. - Under ideal conditions with the coefficient
of friction of 0,01, the efficiency would be about 60%.

In some applications it is desirable to have the self
centering advantages of a three lobed strain inducer
as shown for example in Figures 25 and 26. While this

retains all of the advantages 1in strain wave gearing, in

many instances the lesser stress imposed in the strain
gear at the crest of the wave by the two lobed system
is preferable. For the same gear ratio, the tensile stress
in the three lobed strain gear is nearly three times as
great as in the two lobed form. When using any three
lobed strain inducer, care should be taken to insure that
the tensile stress at the crest of the wave is well within
the notch endurance limit for the material being used.
By using a ball-bearing for the strain inducer, as iltus-
trated, for example, in Figures 27 and 28, the coefficient

-of friction,can be materially reduced with a resulting

increase in efficiency. This construction shows an arbor
72 on a shaft 82, and the arbor is of the desired strain
inducer form and engages the inside of inner bearing race
97 which receives bearing balls 98 in a suitable groove,
the balls being held on the outside by an outer race 100
having.-a cooperating internal ball-engaging groove.
Since the balls closely fit the races, by expanding the
inner race to an elliptical shape, the outer race is ex-
panded to :a similar shape. Rotation of the inner race
will then send a wave around the outer race. Careful
measurements have shown that the wave form generated

in this manner is identical with that generated by two

lobed plain strain inducer, For best resuits, in order to
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insure correct wave generation, there should be at least
36 balls in the bearing. The outer.race should be thin
enough to prevent it from being stressed beyond the
endurance limit, and the inner race must be able to with-
stand the initial expansion. Expanding the bearing
causes the balls to have added clearance except at the
crest of the wave. As the bearing is used to transmit
torque, the load is shifted to the side of the wave, and,
if heavy Joads are to be handled, the inner race should
be supported for at least 60° on each side of the crest
to prevent it from deflecting under this load. If a bear-
ing is used with a loading slot, this slot should be placed
on the major axis of the inner race.

For moderate loads and larger diameter strain gears,
the three lobe cam follower strain inducer shown in
Figures 29 and 30 can be used. The shaft 82 mounts
a planet mounting 101 thereon. The planet mounting
has at equal circumferential positions as shown eccentric
pins 102 each positioned at the same radial position, each
on an axis parallel to the axis of shaft 82 and each car-
rying rotatable about the pins, but eccentric to their axes,
standard ball bearings 103 which act as cam followers.
Thus by settmg the positions of the eccentric pins and
locking them in the proper positions, the radial action of
the cam followers can be adjusted. It will be evident
that all of the cam followers will be adjusted to the same
radial position and will be equally circumferentially
spaced. It will also be evident that since the cam fol-
lowers are capable of adjustment as desired, they can be
employed not only to apply-the strain wave but also to
spring preload the strain gear for the purpose of elimi-
nating backlash as already explained. The cam followers
should be as large in diameter as possible to give the
maximum obtainable support to the crest of the wave.
This system does not have the same rigidity and does
not have the same lcad carrying capability as the sup-
ported plain strain inducer or ball-bearing systems. Since
the gear teeth that are carrying the load are not at the
crest of the wave, a heavy load will tend to distort or
skew the wave form when the strain gear is nof sup-
ported at the side of the wave. This skewing will shift
the load toward the teeth that are supported at the crest.
For shock resistance this is an advantage as the strain
gear has an increasing spring gradient to resist-any load
tending to distort it. While it is highly shock absorbent
and resistant, it should not be operated under heavy Ioad
as this tends. to produce additional stress in the strain
gear.

Figures 31 and 32 show a form having a sun roller
104 on a separately driven sun shaft 105 which passes
through an opening in a tubular shaft 82’, the sun roller
engaging the interiors of the followers 103 and the eccen-
tric pins on which the followers are pivoted being left
floating or rotatable and the followers constantly en-
gaging the outside of the sun. The radial position of
the followers is then determined by the size of the sun
roller. This will operate much in the same manner as
the form of Figures 29 and 30 except that it provides a
vernier control for slow rotation of the roller carrier. If
driven by the sun roller the over-all gear ratio is increased
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by the planetary reduction. This in effect gives you two -

speeds, the rotation of the sun being a relatively fine ad-
justment and the rotation of the main strain - inducer
shaft 82’ being a coarse adjustment. If driven by the
sun roller the over-all ratio is increased by the planetary
reduction. To obtain the over-all ratio, the gear ratio
of the strain wave gear is multiplied by (r1/r3)--1, which
for practical purposes can be made to vary from about
2.5 to 10 depending on the diameter of the sun roller
in relation to the diameter of the cam follower.

The three lobed strain inducer illustrated in Figures 33
and 34 drives by this planetary means and consequently
the over-all gear ratio is from 2.5 to 10 times as great as
the ratio of the strain wave gear in.which it is-used. In
this: form the inner-race 97 is separated into two axially
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separate units 106 and 107, mounted on the shaft 82,
and adjustable to increase or reduce the effective diame-
ter of the external groove by inserting or removing shims
at 108 between the race portions, and then clamping the
race portions against thes hims. Anti-friction bearing
elements such as balls 98’ move in the internal race and
in the groove of a thin outer race 100. Adjustment of
the deflection is accomplished as just explained by axial
adjustment of the parts of the split inner race with re-
spect to one another. This form is very siniple and satis-
factory for moderate loads. Its efficiency is probably
the highest of any form as the rolling friction is reduced
to a low level by the absence of a ball retainer and the
small number of large diameter balls or other anti-fric-
tion elements involved. No retainer for the balls is re-
quired if the deflection has been adjusted so that there
is a minimum of backlash.

Under these conditions the teeth in engagement on
both sides of the wave crest tend to create 3 “valleys”
120° apart in which the balls roll. If this 120° relation-
ship were made to vary, the load distribution among the
balls becomes disproportionsdte. Under these conditions
the change in ratio at the interface between the ball
and the surfaces on which it rolls is altered by the local-
ized tangential shear stress which rapidly restores the balls
to the 120° spacing. This is the principle of operation
of the mechanical torque converter and it has been ex-
perimentally demonstrated that it functions in this man-
ner on strain wave gearing. Since the slope of the strain
wave produces a very small angle to the circumference of
the strain gear the ball is effectively prevented from slip-
pmg It is essentially rolling into a definitely self-lock-
mg taper and consequently the radial displacement that
it is causing can not produce slippage under load. How-
ever, it is limited in its load carrying capabilities for the
same reasons outlined in the discussion of Figures 29
and 30.

A planetary type drive can be made with the low co-
efficient of rolling friction and with the load carrying
capabilities of the plain or ball-bearing strain inducer.
As shown in Figures 35 and 36, a ball-bearing can be
made with the size of the balls 982 variant and selected
to produce the desired deflection and wave form in the
outside race with a standard circular inner race 110
mounted on a circular arbor 111 and cooperating with a
suitably round outer race 100 which is deflected by the
balls into an oval condition as illustrated at 112. In the
two lobe form there will be large balls 113 at the lobes
and these will grade down to minimum ball sizes at 114
intermediate between the lobes. It is preferable for best
results in this case to use not less than 36 balls, and the
two balls immediately adjacent to the largest ball at the
lobe should be slightly oversized to distribute the initial
deflection load on three lobe balls in the preferred em-
bodiment. The rest of the balls should be of such a size
that they will have no more than 0.001 inch clearance.
Under load the clearance on one side of the wave will dis-
appear and all of the clearance will be centered on the
opposite side of the wave. The use of the ball retainer
is optional but it may be desired for long life and high
speed.

In a bearing of this type the smaller balls have the
greatest planetary speed. This will cause the load carry-
ing balls to separate under load and tend to eliminate ball
to ball friction. Where the small ball would tend to over-
take the large balls, the bearing is not under load and
the balls have clearance with the raceway. Again, how-
ever, the change in load on the individual balls caused
by separation will change the ratio of these balls to the
raceways at the interface between the ball and the surfaces
on which it rolls. This is caused by the localized tan-
gential shear stress from the ball rolling into a wedge-
shaped opening. This action will tend to prevent exces-
sive ' separation of the balls, particularly under heavy
load. With this type of strain inducer, no adjustment can
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be made in the deflection and consequently the two gears
must be made to close tolerances. A strain inducer of
this type appears particularly suited to quantity manu-
facture of power transmission equipment where the gears
are broached and no adjustments are needed. It of course
requires a special bearing which however is a simple
problem in quantity production:

Where the same advantages as above are desired with
a smaller gear ratio, the elliptic inner race bearing shown
in Figures 37 and 38 can be used. The arbor 111 in this
case will desirably be circular and the inner race 115
of the bearing has an elliptical exterior raceway, which
conveniently receives anti-friction elements such as balls
98 and distorts an exterior raceway 112 into an elliptical
form. This has the same action as the form of Figures
27 and 28 and it does not require an expanding arbor.
Here again a special bearing is used with the desired de-
flection built into the imner race which has an elliptical
outside and a circular inside diameter.

If any of these strain inducers can be used in con-
junction with and built into other equipment, the strain
inducer can be used to replace one of the bearings neces-
sary for such other equipment. For example, if it is
built into an.electric motor, the strain inducer can re-
place ‘and become the bearing for.one end of the arm-
ature. '

In all of the illustrations of Figures 19 to 38 inclusive,
the strain inducers have been shown with the preferred
and most likely number of lobes. However, in each of
these two or three lobes can be used as desired. A
larger number of lobes can also be used but this in gen-
eral is not recommended as there appear to be few special
advantages to compensate for the corresponding com-
plexity. Generally, two lobes are used except where self
centering is desired and in that case three lobes will ordi-
narily be employed. The forms of Figures 29, 30, 31,
32, 33 and 34 have three lobes to make them self center-
ing. However, if bearings are independently employed to
maintain the coaxial relationship of the input to the out-
put, it would be entirely proper to use two lobes.

In the above examples of the strain inducers, the anti-
friction elements have been shown generally as balls and
ball bearings. This has been done merely for convenience
and is not intended to imply that ball bearings will in
every case be used nor even that ball bearings are the
preferred form. Figures 39 to 44 show a successmn of
different antifriction elements each of which is suitable
for strain wave gearing in comnection with the strain in-
ducer. Thus in Figure 39 I show a ball bearing 116,
while in Figure 40 I show a convex roller bearing 117, in
Figure 41 a concave roller bearing 118, in Figure 42 an
undercut roller bearing 120, in Figure 43 a cylindrical
roller bearing 121 and in Figure 44 an opposed tapered
roller bearing 122. FBach of these forms has its own ad-
herents and advantages and with proper application can
be made to function satisfactorily. The basic advantage
of rollers, in whatever form they may be used, is a greater
load carrymg capacity, or a longer life with the same
load carrymg capacity. In most instances the coefficient

of friction is shghtly greater due to the tendency of rollers g

to skew in service. Some rollers, notably the convex,
concave and tapered, require a cage as well known to con-
trol the extent of this skewing. The undercut roller does
not require a cage as a central flange or ridge 123 in the
race tends to align the rollers and correct skewing. The
cylindrical roller is made with the side flanges fitting
‘sufficiently close to the ends of the rollers at 124 fo as-
sure adequate guiding. All of these bearing forms appear
to provide full support for the tooth portion of the strain
gear. The undercut bearing with a full complement of
rollers is particularly adapted for most applications as it
has a large number of rollers, is self aligning and has a
high load capacity.

Figures 45 to 53 inclusive illustrate variations in the
structural arrangement of strain wave gearing according
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to the invention. In these various forms, the output is
shown at 125 and the input at 126, usually taking the
form of output and input shafts as shown.

Considering first Figure 45, in this form the strain
bear is the driven element coupled to the output shaft,
the strain inducer-is the driving element mounted on the
input shaft and the ring- gear 70 is provided with a sta-
tionary mounting on housing element ‘127 which inci-
dentally has bearing surfaces 128 for the output shaft.

The form of Figure 45 is the most compact form of
strain wave gearing shown. The strain gear has lugs 130
cut at circumferentially spaced positions around one end
which interlace with cooperating lugs 131 cut at corre-
sponding circumferentially spaced positions on the flange
of the output shaft 125. Due to the deflection of the
strain gear which causes it to depart from a circular con-
tour on account of the superimposed strain wave, only
relatively few of these lugs are in actual contact at any
one time. This tends to limit the load capacity of this
form of strain wave gearing to the load bearing capa-
bilities of those lugs in actual contact. As the lugs slide
radially in and out under a relatively great load they are
likely to wear locally at the point of contact. -Additional
stress is also introduced in this form of strain gear
since the load application is not distributed throughout
the tooth Contact area. This condition can be partially
corrected by making the lugs on the flange of the output
shaft of sufficient length and resiliency so that the elas-
ticity of the load bearing Iugs themselves will tend to
distribute the load. Unless the lugs are carefully con-
toured, the smoothness and precise transmission of motion
characteristic of strain wave gearing will be influenced
adversely by the irregularity or non-uniformity in the
transfer of motion from the strain gear to the output
flange. There is also a possibility of backlash at’the
transfer point. For moderately loaded applications. in
which simplicity and compactness of design are primary
requirements, this arrangement is satisfactory. It is not,
however, recommended for heavy loads, precise trans-
mission of motion or complete elimination of backlash.

In Figure 45 the strain gear has an internal race 132
for the balls of the strain inducer, thus avoiding the
necessity of a separate external race for the strain inducer.
If the strain gear is hardened so that it can withstand
the contact pressures of the rolling balls, this arrange-
ment is acceptable and provides maximum simplicity.
Normally, however, it is preferred to make the strain gear
somewhat softer than would be recommended for a
bearing raceway, and under these conditions it is desirable
1o use a separate external raceway for the strain inducer.
If a separate raceway is used, it is also permissible to
have increased rigidity in the strain gear raceway com-
bination.

The desirable thickness of the strain gear will of course
vary with the design but will be controlled in major
part by the notch endurance limit for the material being
used. Since the deleterious effect of a notch increases
with hardness, the actnal endurance limit does not
materially increase with increase in hardness. - When a
separate raceway is used, its thickness can be increased
since it does not have the limitations imposed by the
notch effect. Under these conditions the endurance limit
does increase with an increase in hardness and can be
made several times larger than that permissible in the
strain gear. This allows a combined thickness of at
least three times that of a hardened strain gear alone,
with a resultant increase in rigidity.

In the form of Figure 45 and in the various forms
to be discussed, it will be evident that the strain inducer
may be of any of the characters shown and described,
in Figures 1 to 10 and 19 to 44 inclusive, and is not
necessarily limited to the ball bearing type as illustrated.

Figure 46 shows a form which resembles that of Figure
45, but has a somewhat different relationship between the

strain gear and the output shaft. Where slight additional
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space is available, the arrangement for coupling between
the strain gear and the output shaft as shown in Figure 46
will often prove to be the most satisfactory and will permit
of maximum effective use of all features of strain wave
gearing. Here the strain gear is a short, thin walled tube
which has teeth on the outside at one end and is secured
at the other end by any convenient means to the flange
of the output shaft 125. The flexibility of the tube
permits the gear portion to be deflected as if it were a

simple ring. Since the deflection is small, the length-

of tube necessary to absorb the bending stresses is rela-
tively short. The torque transmitting ability of a rela-
tively short tube is so huge that a very thin wall can be
used on such a tube to reduce the bending stresses.
Coupling between the strain gear and the output flange
is rigid, and direct, with no discontinuity such as-the
lugs in Figure 45 to interrupt the precise transmission
of motion. Backlash, friction and wear are also elimi-
nated between the output flange and the strain gear.
In other respects the form of Figure 46 can be essentially
the same as that in Figure 45. In the form of Figure 46
there is an external raceway 133 secured on the interior
of the strain gear, which is of a character and for the
purpose already mentioned in connection with Figure 45.
_ Figure 47 is a form similar to Figure 46 except that
the input 126 and the output 125 are on the same side,
the output being accomplished by a tubular shaft which
. surrounds the input in this case. The housing 127’ is
here adjusted to provide bearing surfaces 128’ for th
output on the opposite side of the gearing. k

In the forms of Figures 48, 49 and 50 the ring gear
is the driven element. These forms have equal torque
transmitting capability to the forms in which the strain
inducer is the driven element, and the choice of which
element drives and which element is driven is largely
a matter of desired outside configuration, rotational re-
quirements and space considerations.

It will be noted that where the ring gear is the driven
element the output rotation is in the same direction as
the input and when the strain gear is the driven element
the output rotation is in the opposite direction to the
input, when considering structures of the character of
Figures 45 to 50 inclusive.

In the form of Figure 48, the strain gear is stationary,
being held by housing 134, and the ring gear 70 as just
explained is the driven element. The strain gear in this
form has teeth at one end meshing with the ring gear 70,
and at the other end has splines 135 which are inter-
connected with cooperating splines on the inside of the
housing. The splines can suitably be of the same size
and shape as the gear teeth and if desired can be broached
at the same time. They are forcibly held engaged with
the splines on the housing desirably by locking ring 136
which engages the inside of the tubular strain gear at
the spline end and is secured to the housing 134. If
desired, the locking ring can perform bearing functions
for guiding the input shaft. In this construction the ring
gear is desirably made integral with the output shaft and
rotates in the same direction as the input. This arrange-
ment would seem to present the least fastening problems
for all of the parts and its construction is conducive to
optimum use of all of the distinctive features of strain
wave gearing.

Figure 49 shows a very compact construction some-
what similar to Figure 48 and illustrating the combina-
tion of an electric motor 137 with strain wave gearing
to produce a gear reduction in a compact form which
might be used for example in a chain hoist, or linear
actuator. Here the ring gear 7¢ is the driven element
and the strain gear 71 is held in place as by splines
at 135 engaged with cooperating splines in the housing
138. The ring gear 70 on the outside carries sprocket
teeth 140 which engage a chain 140’ of the hoist and
function as the output. The housing desirably includes
a channel 141 through which -the sprocket teeth are
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carried. It will be evident that the motor shaft directly
carries and operates the strain inducer 126. ‘

There are many special instances in which strain wave
gearing can produce results which are not presently
obtaginable. An example is shown in Figure 50, where
the strain gear is a part of the thin wall of a closed
end recess 142 in a sealed container, which may, for
example, be a reaction vessel, a pressure vessel, a vacuum
tube, or the like. The ring gear is conveniently located
inside the sealed container and surrounding the wall of
the recess 142, the strain gear is part of the wall of the
recess and the strain inducer is outside the container, and
radially inwardly positioned, with its race 133 engaging
the container wall. Rotation of the strain inducer outside
the container will transmit motion to the ring gear within
the container even if the container is required to be
hermetically sealed. Compared to prior art devices which
have depended upon the effect of magnetism and the like
acting through walls, the device of the present invention
will transmit larger torques, and they can be transmitted
with precise accuracy of moticn if desired.

In constructing and describing all of the above devices,
obvious elements and conventional features have been
eliminated for simplicity. For example, each of the units
will, where desired, be positively sealed to prevent escape
of lubricant or entrance of dirt by the incorporation of
any suitable seal. Since all sealing points are circular in
strain wave gearing the application of gaskets or seals
presents no problem.

All of the above descriptions of strain wave gearing
have referred to the standard form. This is a form in
which the strain inducer is internal with respect to the
strain gear and the ring gear is external with respect to
the strain gear. There are some applications, however,
where it is desirable to invert the parts, by placing the
strain inducer on the outside and the so-called ring gear
on the inside. The same principles regarding types of

" strain inducer as already described can be followed, except
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that the strain inducers are merely inverted, placing parts
on the inside which were formerly on the outside and
parts on the outside which were formerly on the inside.
In effect this turns the strain inducer “inside out.”
Figure 51 illustrates one of many possible examples of
inverted strain wave gearing, and it will be understood
that these same principles can be applied to invert any
one of the other forms. The particular example illus-
trates a rotary table, work support, or machine support,
which is used for circular indexing. The drawing shows
a base 143 which has a bearing 144 providing a rotational
mount for a table 145 provided with the usual work at-
taching T-slot means 146. In operating mechanism the
device of Figure 51 is in effect a reversal of Figure 48,
the strain gear 71 being splined at the opposite end at
135 to engage with cooperating splines on the base 143,
and being held in place by ring 136’ which makes a force
fit around the strain gear. The strain gear internally en-
gages external teeth on the inverted so-called ring gear 70
provided on the outside of the rotary table 145. A plain
bearing strain inducer is conveniently used in this form
as it is desirable to take advantage of the frictional en-
gagement to make the table self-locking. When the strain -
inducer 72 is circular on the outside diameter, it is ma-
chined on the inside with a slight eccentricity so as to pro-
duce the desired strain wave in the strain gear. The in-
terior is purposely machined to produce a slightly exces-
sive deflection so that it will positively assure complete
absence of backlash by spring loading the strain gear.
This will cause a slight unobjectionable distortion in the
strain inducer ring when it is assembled. Since all the
parts are inverted, the teeth on the strain gear are on the
inside and the mating teeth on the table are external as
just explained. The strain inducer is suitably provided
with index marks and these are read to a reference line
on the forced fit ring 136’. With this design the ratio
between the strain inducer and the table can be made in
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the range from about 90 to 1 to 360 to 1. With 360 to 1
as the ratio and an 8 inch table the index marks for ten
second graduations are more than 14¢ inch apart, thus as-
suring an extremely precise adjustment. The rotary table
has extreme rigidity and zero backlash so that machine
operations can be performed in the various positions or
settings of the table without the necessity to provide ex-
ternal locking devices. It will, however, be understood
that external locking can be employed if desired. In or-
der to further assure a relatively tight fit, the table is held
down on the base by a washer 147 secured by a bolt 148,
and the washer will desirably be a Bellville washer or
Bellville spring to provide pre-load of the bearing in the
axial direction.

For some purposes it is desirable to obtain gear ratios
which are substantially higher or substantially lower than
those which can be conveniently secured from standard or
inverted strain wave gearing of the single type. For such
purposes dual or higher multiple strain wave gearing will
be used. Ilustrations of this are shown in Figures 52
and 53.

In Figure 52, there are two stages of strain wave gear-
ing arranged in one housing. Ring gear 150 at.one side
is secured to housing 151 which is desirably stationary.
The strain gear 152 has external teeth 152’ and 155, and
thus comprises two strain gears. The ring gear 150 mesh-
es with external teeth 152’ on one end of strain gear 152,
under the action of strain inducer 153 which is turning
with shaft 154 by which the input load is applied. The
strain gear 152 at a longitudinally displaced position, has
external teeth 155 which are acted on interiorly by the
same strain inducer, and which exteriorly mesh with sec-
ond internal ring gear 156 which has bearing support at
157 on the housing and is conveniently integral with the
output shaft 158. The two sets of teeth on the strain
gear are made with a maximum difference of a few teeth
so that they do not differ greatly in pitch diameter. Con-
sequently the difference in the deflection is so small that
only one strain inducer is required and the two sets can
be combined in a single ring without the need for sub-
stantial axial displacement between one set and another
to allow for relative adjustment by flexibility of the inter-
mediate tube.

It will be understoed, however, that if the axial dis-
placement between the two sets of teeth on the strain gear
is adequate, there can be wide disparity in the strain in-
ducers, for example, one having two lobes and the other
having three lobes.

This type of dual strain wave gearing is capable of pro-
ducing enormous gear ratios without a multiplicity of
parts. With a plain bearing strain inducer, ratios up to
200,000 to 1 can easily be obtained. With a planetary

type strain inducer it is apparent that higher ratios are-

obtainable, up to enormous ratios of the order of
2,000,000 to 1. These enormous ratios are caused by the

direction of rotation of one strain wave gear opposing.or.
For -

partially cancelling the rotation of the driven gear. -
example, if the strain inducer #53 is rotated clockwise in
Figure 52, the strain gear teeth 152 will rotate in the op-
posite direction or counterclockwise. At the same time,
the other strain gear teeth 155 integral therewith are tend-
ing to drive the driven gear 156 the same direction as the
strain inducer or clockwise. Consequently one adds and
the other subtracts from the overall motion and by cor-
rectly determining the difference in the number of teeth,
- the very high gear ratios can be obtained.

This relation can best be shown by reducing each strain’

wave gear to its own specific gear ratio. Any suitable
formula in Table 2 can be used for this purpose if we re-
member that the gear with the largest number of teeth
turns in the same direction as the strain inducer. Since
multiplication, addition, and subtraction enter into the cal-
culations for dual strain wave gearing, it is mandatory that
we use proper signs in designating directions. If the move-
ment is in the same direction as the strain inducer, it is
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considered “plus.” If the movement is opposite to that of
the strain inducer, it is considered “minus.” - One simple
method of always obtaining the proper ratio and siga is
to divide the diameter of the gear being driven by the
diameter of the gear being driven minus the diameter of
the mating gear. When this is done the divisor will al-
ways be negative when the gear being driven has the
smaller diameter, thus producing a megative or opposite
direction gear ratio.

Applying this analysis to Figure 52, it will be ewdent
that one revolution of the plain bearing strain inducer
will cause the strain gear Sg |to rotate the remprocal of
the ratio N .

Ry

and since this rotation is in the oppomte du’ectlon the 7
result is

RF or

1
'_RF
Since the strain inducer has rotated one tura to its
original position and the strain gear Sy has moved
1
—Ry
the strain inducer has niolved

1 .
Sy
turns in relation to the strain gear Sy. One revolution
of the strain inducer in relation_to the strain gear Sp
(which is directly coupled and integral with Sp) would
move the driven gear D the reciprocal of its gear ratio or
1 .
Rp
Since this would move thje same direction it is positive.
Consequently, the motion of the driven gear D would

become
(2 )(z)

~ for the relative motion which has taken place between

“"the strain inducer and the strain gear Sp.

45

As the two
strain gears are coupled together, the motion of

SF or

1
—Rr

" must be added to this.
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7.

-Rp=Ratio of driven side

Rrp=Ratio of fixed side

With 1 revolution of the strain inducer Sy rotfates

1
—Rp

. revolutions and the strain inducer has rotated

1 plus %r

in relation to Sg. .
1 .
- D rotates (1 —l—R——)X _‘RF .

Input Turns _

The reciprocal of this=Total Ratlo=m—

—RyRp .

R=RD—‘RF'—1 (20)
__ DSp .
R—_DSF—FSD (21)

The reciprocal of this, shown above in Formula 20;:
would be equal to the overall gear ratio. If the proper
signs are considered, the formula can be stated . simply :
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“the;product of the ratios divided by the sum: of the ratios
minus 1.” This basic; formula.-is shown below - in. For-
muia;23.;and it-is- correct for all- forms of dual:strain
wave:gearing. -Formula -21 applies - specifically to dual
strain wave gearing of the type of Figure 52, and was
calculated by:other means as:a check-on the: above anal-
ysis.

+Figure - 53 - illustrates a-dual -combined -strain : wave
gear. Over at the right the construction :substantially
resembles:that of: Figure 52, except that-the strain.inducer
extends inside only.one side of:the strain:gear:and the
strain,gear-has external teeth which extend the full Iength
and engage a correspondingly elongated ring gear 150,
At the opposite end from the strain inducer the strain
gear has internal teeth 160 which mesh with an external
driven gear 161 carried ‘on the output shaft 158.
- In::effect, ione sideof :the ‘device .is.a standard strain
wave gear form and the other side is an inverted form.
The strain inducer produces:deflection of the strain gear
which causes the strain wave.to act both in respect to
the external tecth and the internal teeth in the manner
above_described. - This arrangement is useful for very
low gear ratios of the order of 30 to 1 when produced
with steel, small diameter strain wave gears.

The following formulae «were developed by analysis
of the motions of these gears after the manner of that
already described in respect toFigure 52:

—Rr(—Rp)

R=‘_RD—RF—1 (22)
»___ RrRp
R =Y 28)

“Itwill ‘be evident that Formula 22 differs from For-
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tively move one of the rings, although, of course, teeth
can be used-where desired.

Figure 54 shows the principle of the invention applled
to polyphase energization. A ring or sleeve 162 of any
of:the -other forms of the invention is surrounded by
electromagnets 163 to 168 inclusive and the opposed pairs
of-electromagnets are placed in circuits for the different
phases of a three-phase electric system, the respective
phases being numbered 1, 2, and 3 to indicate the con-
nections. ~Of course, magnetic coupling can be increased
by magnetically susceptible bars or chains to reduce the
reluctance of the flux path.

“The gear ratio is a simple function of the electric field
rotation and the relative diameters and the formulae of
the strain wave gearing mechanical forms apply.

If desired, single phase energization can be used. . ‘In
Figure 55 a ring 162 is acted on by a traveling electro-
magnetic wave produced by electromagnets 170 to 177
inclusive, - arranged with the opposed pairs in the same
circuit -branch. : The -single- phase source is connected at
178 and 180 to parallel branches 181 and 182. The
branch 181 has a rectifier 183 and the branch 182 has
a rectifier 184 relatively opposed to the rectifier 183. The
branch 181 divides into a branch 185 which includes in
series ‘opposed electromagnets 172 to 176 and a branch
186 which includes in series capacitor 187 and opposed
electromagnets 173 and 177 which are 45° further
around. The branch 182 divides and includes branch
188 which has in series opposed electromagnets 170 and
174 which are 45° further along and a branch 190 which
has in series capacitor 191 and opposed electromagnets
171 and 175 which are 45° further along.

The voltage phase relationships for the circuit branches
188, 190, 185 and 186 are shown in Figure 56.

EXPERIMENTATION.—EXPERIMENTAL MODELS

Table 4
Model Model Model Model Model Model
No. 2 No. 3 No. 4 No. 5 No. 8 No. 7

Method of operation.__...
Type strain indueer. ...
(¢) Figure number...|:
(bg Number of lobes..[ 3
(¢) Lobe radius, in._. |-,
(d) Outer face-_

(e) Deflection, in
Arrangement fig. number.
Ratio between gears..___..
Overall ratio._________...
Gear diameter, in........
Teeth in ring gear....
Teeth in strain gea

Pressure angle, deg
Gear face, in
Overall diameter, in___,.__
Overall length, -
© Number of cycles to date.
Ml%x torque applied,

Jin,
- Max. r. p m, applied......
Measured backlash.....__
Precise movement

Measured efficiency, per-
cent.

mula 20 only in respect to the sign of Rp and Rp. If
the proper signs are considered when calculating’ the in-
dividual ratios, basic Formula 23 may be used for gears
of any of the .dual strain-wave types.

In some cases it will be desirable to propagate the.

strain-wave by electromagnetic means, .employing, for
example, electromagnets which progressively act on and
are distributed around one of the rings, which may be
a strain inducer ring or one of the rings of the gearing
combination. The difference between the diameters of
the sleeve or ring which .is being acted on and the elec-
trical field and the number of poles-and phases will de-
termine the r.p.m. of the strain inducer.

+In many-instances it -will not be necessary to use tecth
since actual metal-to-metal contact of-the inner-and outer

ripg:under-the magnetic:forces will be-sufficient -to- rela«-

65

70

75:

In Table 4 the various models of strain wave  gearing
which have been tested experimentally to date are listed
for comparison. All of these models were made prior
to or during development of the strain wave gearing
formulae and hence do not embody all of the optimum
designed features. For example, for these models the
strain. wave. form was not accurately known and the
pressure angle for the teeth was conservatively selected
to assure no tooth interference for a triangular wave
form. Consequently, the percentage of teeth in actual
contact was materially reduced. The pressure angle for
the "above models should have been 20° but as will .be
seen in Table 4, this angle varied from 27° to 35°.

While it would be expected that a difference of this

amount-would seriously degrade the distinctive character-_

istics of-sfrain wave gearing, the magnitude of the-char-
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acteristics apparently outweighed the degrading effect
and all models functioned satisfactorily. Although this
would materially reduce the torque capacity, no damage
has been sustained by the application of the torque value
shown in the table.
for the applied torque was other structural members and
not the strain wave gearing. Models 1 and 4 were
specifically designed to illustrate the principle for dis-
play purposes. Models 2, 3 and 5 were designed to fit
within existing housings of standard electric motors and
used the strain inducer as one of the bearings for the
motor armature. The moise level of the motor was not
increased by the addition of the strain' wave gearing.
Models 6 and 7 were designed for accurate manual con-
trol purposes for a device which required a minimum of
2,000 pound-inches torque capacity with an exceedingly
high dynamic shock factor.

The number of cycles to which these various models
have been subjected is estimated except in the case of
model 3 which has been subjected to 530,000 cycles and
model 5 which has been subjected to 2,175,000 cycles.
Time checks were made on these two models and they
were periodically examined for wear and lubrication
distribution. These tests were conducted under light load
with an occasional load of the amount indicated. No
wear was discernible under examination by a 35 power
microscope and the original light coating of grease
sufficed throughout the entire test. “Apparently, the action
of the gears tends to distribute the grease throughout
all the teeth and kold it properly in place. )

In the case of model 5 the outer race of the strain
reducer was left in the annealed condition to ascertain
whether the contact pressures were of the magnitude indi-
cated by Formula 14. The entire test of 2,175,000
cycles was conducted with this soft race but after each
operation against the indicated torque there was evi-
dence that the surface of the raceway was becoming
deformed under the rolling action of the ball. Calculat-
ing from. the known. yield strength in compression of
the race, it was found that Formula 14 is correct. Fur-
ther tests on this model are being continued using a
properly-hardened race. :

Backlash was measured by a dial indicator at the end
of a lever arm attached to the output shaft. For model
5 a 12-inch lever arm was used and for model 6 a 100
inch 4% inch diameter tibe was employed as a lever
arm. No measurable backlash could be detected in the
tests. On model 7 a partial check was made of precise
motion by measuring with a dial indicator the movement
of the end of the 100 inch lever arm in relation to one
degree rotation of the input. Within the accuracy of the
test conditions, which was in this case only fair, the
ratio was constant.

The indicated efficiencies for models 2, 3 and 5 were »

measured under static light load conditions and include
the rotational resistance of the motor armature and the
starting switch. The efficiency of all models has been
sufficiently high to permit driving the input by the appli-
cation of the above torque to the output. In model 7,
with an overall gear ratio of 470 to 1, it was necessary to
include a self-energizing friction pad coupled to the input
to reduce the efficiency so that the output torque would
not rofate the input. i

A commercial bearing having a central ridge in' the
outer raceway was tested. This ridge has a degree of self-
correction. ‘This bearing usés- rollers similar to those
shown in Figure 42. A bearing of this character was al-
tered by reducing the outer raceway to the desired thick-
ness by machining. The bearing then had the inner race-
way distorted. elliptically so ‘that the major axis of the
outer race was 2.415 inches and the minor axis 2.350
inches.
more than 2,000,000 revolutions without lubrication,
heating or wear problems.
wave gearing it is preferable to have the central. roll

In each instance the limiting factor:

The bearing was operated at 650 r.p.m. for .
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guiding ridge on the outside of the inner race rather than
the inside of the outer race, since the increased depth of
section and therefore stiffness provided by this ridge in
the outer race is undesirable when the outer race is be-
ing flexed in strain-wave gearing.

A standard torque tube ball bearing without any al-
teration was distorted elliptically so that its major axis
was 2.907 inches and the minor axis was 2.845 inches.
This bearing was run at 2,800 r.p.m. to determine its
stabilization temperature which appeared to be approxi-
mately 25° F. rise. It was then operated for well over
2,000,000 cycles at 650 r.p.m. without lubrication, heat-
ing or wear problems. ‘This bearing was also operated
for a limited number of cycies with the major axis 0.126
inch larger than the minor axis and no adverse effects
resulted. In both of these bearings referred to above,
the shape of the wave form on the outer race was
measured, and it was found to conform exactly within
the limits of experimental error to the shape of the
wave form determined in a deflected ring as already de-
scribed.

It will be evident that a wide variety of variance
of each of a number of different features of the inven-
tion have been explained, and that each of these variants
is capable of use in combination with any one of each
of the other types of variants. In order to simplify the
disclosure and avoid the illustration of a great mul-
tiplicity of relatively duplicatory design, no attempt is
being made to outline each of the various permutations
and combinations provided by any one of the strain in-
ducers, used with any one of the strain gears, with any
one of the ring gears, and with any of the other modifi-
cations, such as the single, dual or multiple géaring
aspects. It will, of course, be evident that strain wave
gearing of one character can be used to drive strain wave
gearing of another character, or can be used in train
with . conventional gearing “or’ with - other “mechanical
movements. ) . ' )

It will be, of course, evident that the input and the
output will take the form of any mechanism for apply-
ing and for receiving load application, and is not to be
construed to be limited to a shaft, or to any particular
form -of gearing or other mechanism. ~ It will be, of
course, evident that in strain wave gearing in accordance
with the invention that there will be at least one strain
inducer, at least one strain gear, and at least one cooper-
ating ring gear, aid that providing the gear mechanism
is adequate, any one of these elements may constitute
the input, and any other one may constitute the cutput,
it being recognized that the third element may perform
any desired auxiliary function, such as bearing support,
sealing, fixed support, or it may constitute a portion of
the. input or a portion of the output. For example,
either. the input or the output can be divided between
two of the elements as desired.

It will likewise be evident that while strain inducers
of a mechanical character have been illusirated, the
strain ‘wave can be applied by any means, whether elec-
trical, magnetic, hydraulic, pneumatic, or vibratory which

‘will generate and propagate a progressive strain wave.

In view of my invention and disclosure, variations
and modifications to meet individual whim or particular
need will doubtless become evident to others skilled in
the art to-obtain all or part of the benefits of my inven-
tion without copying -the structure shown, and I, there-
fore, claim all such insofar as they fall within the rea-
sonable spirit and scope of my claims.

Having thus described my invention, what I claim as
new and desire to secure by Letters Patent is: :

1. In ‘a device for transmitting motion, a first gear -
having teeth, a second gear of different pitch diameter
from the first having teeth of the same circular pitch
as the first gear, said second gear being coaxial with the
first gear and having. a deflectable wall, a strain-induc-
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ing element operative to deflect the second gear, and to.

maintain the second gear deflected in such manner that
its teeth are interengaged with the teeth of the first gear
in at least two angularly spaced positions interspaced
by positions at which the teeth are not interengaged,
and means for rotatively advancing said positions, there-
by propagating a strain wave along the deflectable wall
of the second gear to cause relative rotation between
the second.gear and the first gear.

2. A device .of claim 1, having two opposed positions
at which the teeth are interengaged.

3. A device of claim 1, in which the second gear is
positioned inside the first gear and the external surface
of the second gear engages the first gear.

4. A device of claim 1, in which the second gear
surrounds the first gear and the interior surface of the
second gear engages the first gear.

5.' A device of claim 1, in which the strain-inducing
clement is driven, to in turn drive one of the gears.

6. A device of claim 1, in which the strain-inducing
element is driven te drive the first gear and the second
gear is stationary with respect to rotation.

7. A device of claim 1, in which the strain-inducing
element is driven to drive one of the gears, and the: first
gear is stationary with respect to rotation.

8. A device of claim 1, in which the strain-inducing
element comprises a rotating cam surface continuously
engaging the second gear at spaced points which create
the spaced deflection, said surface of the strain-inducing
element directly engaging the second gear.

9. A device of claim 1, in which the strain-inducing
element comprises a raceway in contact with one cir-
cumferential surface of the second gear, and means in-
cluding bearing elementis travelling in the raceway for
propagating a strain wave against the wall of the race-
way.

10. A device of claim 9, in which the strain-inducing
element also comprises a second raceway of eccentric
form cooperating with the aforesaid raceway and bear-
ing elements travelling in the two raceways and trans-
mitting a strain wave from the second raceway through
the aforesaid.raceway to the second gear.

11. A device of ¢laim 1, in which the strain-inducing
element comprises cam means and means for moving ‘the
same along a path which propagates a strain wave in the
second gear.

12. A device of claim 1, in which the height of the
strain wave conforms to the formula

Dr—Dg
where

D z=Pitch diameter of first gear
Dgp=Effective pitch diameter of second gear.

13. A device of claim 1, in which the first gear ‘is
outside the second gear, and the strain-inducer is inside
the second gear.

14. A device of claim 1, in which the second gear has
lugs, in combination with cooperating means having
radially extending recesses which engage the lugs on the
second gear and permit the second gear to deflect radially:
while maintaining the same circumferential posmon as
that of -the cooperating means.

15. A device of claim 14, in which the input is con-
nected to the strain-inducer at one end and the output is
connected to the second gear at the other end.

16. A device of claim 1, in which the second gear
comprises an elongated tube having gear teeth adjacent
one end, and having relative support at a remote position
which permits axial deffection. of the gearing.

17. A device of claim 1, in which the second .gear

10-

15

20,

25

30

35

40:

45

50

55.

85

70

comprises a .housing wall defiectable and forming a

hermetic  closure through: which -motion is transmitted;

the first gear being on one side and the strain-inducer-

on the other side.of the housing.

%
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18. A device of claim 1, in which the output is the”
gear having the largest number of teeth, which moves"

relatively in the same direction as the strain-inducer.

19. A device of claim 1, in which the first gear is

inside the second gear and the strain-inducer is on the
ouside of the second gear.

20. A device of claim 1, in which the gear teeth on

the first and second gears have face to face engagement
over an extended mating area.
21. A device of claim 1, in which the interengaging

gear teeth have face-to-face engagement over an extended:

area. which is a maximum adjoining a position which

corresponds to the maximum of the strain wave, and in
which the area of face-to-face engagement of the teeth-_

progressively diminishes on either side thereof.

22. A device of claim 1, in which the cooperating gear -

teeth are in face-to-face engagement over a substantial

area at peints adjoining the peak of the strain wave, and
in which the teeth make engagement on both sides at a-

particular tooth position, and respectively engage on
opposite sides of the teeth on the respective opposite sides
of that tooth position.

23. A device of claim 1, in which the first and second

gears have cooperating gear teeth of the same diametral
pitch but of different pitch diameter and in which the
number of teeth on the first and second gears is slightly
différent.

24. A device -of claim 23, there being lobes on the
strain .inducer, in which the difference in the number of
teeth of the first-and second gears is equal to the number
of lobes -on the strain-inducer.

25. ‘A device according to claim 1, in which the gear
ratio is expressed by the formula

Dp

. d

where

Dp=pitch diameter of the driven gear
d=rthe-tooth deflection or the height of the strain wave.

26. A device of claim 1, there being lobes on the strain
inducer, having respective inner and outer teeth on the
first and second gears, in which the pressure angle of the

teeth is. equal to

tapt 1:091
n

where
n is. the number of lobes in the strain-inducing element.

27. A device of claim 1, in which the number of

cooperating gear teeth per inch of diameter on both the

first and the second gears is equal to the number of waves
in the circumference divided by the height of an individual
wave.

28. A device of .claim 1, in which the number of waves
in the. circumference is equal to the difference between
the number of teeth of the two gears.

29. A device of claim 1, having two lobes on the ~

strain-inducing element, and having a tooth pressure

angle of 28.6 degrees.

30. A device of claim 1, in which more than 50 per- '

cent-of the teeth on the respective gears. are constantly

in engagement with one another, and half of the teeth in

engagement oppose the other half of the teeth in engage-
ment. .

31. A device of claim 1, which is free from bearings
on the moving elements adj_ommg the device, the bearing
support ‘being provided by stationary support of one of
the first gear, the second gear and the strain-inducing
element, - )

32, A device of claim 1, in which the teeth from the
time -they- make- contact with one another until the time
they leave:contact are moving at the same velocity.

33. A device of claim. 1, in which all side thrust from:
the: device.is compensated by opposing side thrust within
the device:itself;
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34. A device of claim 1, in combination with a table
operatively turning with one of the first gear, the second
gear and the strain-inducing element, and thereby angu-
larly positioned in precise relationship.

35. In a device for transmitting motion, a first gear
element, a second gear element concentric therewith, the
first and second gear elements being one within the other,
the first gear element and the second gear element each
having integral teeth and said teeth interengaging, means
for deflecting the teeth of the first gear element locally
into engagement with the second gear element, and means
for advancing the point of interengagement between the
gear elements along the same while relatively separating
the gear elements by deflection at other positions.

36. In a gearing system, a first gear having integral
teeth, a second gear having integral teeth cooperating
with the teeth on the first gear, the first and second gears
being coaxial and one within the other, and means for
manipulating the teeth of the first and second gear rela-
tively into individual engagement by relative radial mo-
tion toward and away from one another.

37. In a gearing system, a pair of coaxial cooperating
gears, one within the other, having integral teeth on the
first and second gears interengaging with one another, and
means for resiliently deflecting the teeth into and out of
engagement with one another over a generally sinusoidal
path.

38. In a gearing system, a first gear, a second gear
having teeth individually deflecting into mating relation
with the first gear, the first and second gears being one
within the other, in which the pressure angle of the teeth
is equal to

tapt 1091
n

where

# is the number of waves in the circumference, and means
for deflecting the second gear radially to bring the teeth
of the second gear into engagement with the teeth of the
first gear.

39. A gearing system comprising cooperating relatively
internal and external gears each having integral teeth,
and means for deflecting said teeth on one of the gears
into engagement with the other gear and thereby chang-
ing the shape of its wall, in which the pitch diameter
of the deflected gear at the points of tooth interengage-
ment is greater than the pitch diameter of the deflected
gear prior fo deflection.

40. In a gearing system, a pair of cooperating gears,
one within the other, and means for straining one of the
gears into engagement with one of the other gears, and
thereby creating a strain wave, the gears having different
numbers of teeth and the difference between the numbers
of teeth on the respective gears equalling the number of
strain waves per circumference.

41. In a gearing system, a pair of cooperating gears,
one within the other, each having integral teeth and means
for straining and thereby deflecting the wall of one of
the gears into tooth engagement with the other gear, the
teeth sliding into and out of tooth engagement with re-
spect to one another in a radial direction.
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42. In a gearing system, a first gear and a second gear
coaxial relatively one within another, and having relative
motion with respect to one another, the first and second
gears having integral teeth which interengage with one
another, there being constant intermeshing of at least
50 percent of the teeth of the respective gears with one
another, and means for deflecting the second gear radially
to bring the teeth on the second gear into engagement
with the teeth on the first gear.

43. A gearing system having relative internal and ex-
ternal gears enmeshed with one another and having on
each gear one group of teeth on one side of a particular
point and another group of teeth on the other side of a
particular point in engagement on opposed sides of the
teeth, the gearing system being completely without back-
lash, and means for deflecting the second gear radially
to bring the teeth on the second gear into engagement
with the teeth on the first gear.

44. In a gearing system, a pair of relatively internal
and external gears of different diameters having integral
teeth on the gears intersplined together at a plurality of
circumferentially spaced points with intermediate non-
mating points, and means for changing the position of
the intersplining of the gears and thereby relatively ad-
vancing one gear with respect to the other gear.

45. A gearing system having a pair of coaxial cooperat-
ing relatively internal and external gears each having
integral teeth, intermating with one another simultaneously
at a plurality of spaced points spaced by intermediate
nonmating points, having relative motion to one another
and only one of the gears having a pitch line velocity, and
means for deflecting one of the gears radially to bring its
teeth into engagement with the teeth on the other gear.

46. A gearing system comprising relatively inner and
outer cooperating gears, one of which is the output, hav-
ing relative motion with respect to one another and one
of the gears elastically deforming to make the gears co-
operate, and input means for applying a relative rota-
tional motion to the gears, all teeth of both of the gears
being in engagement with one another for one revolution
of the input means.

47. A gearing system comprising relatively inner and
outer coaxial cooperating gearing of different diameters
and relatively moving with respect to one another, said
gears having integral interengaging teeth, and means for
applying a rotatory motion to one of the gears, while
developing an input stress in the gear which is at a dif-
ferent place from the output stress.
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